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Preface 



These are notes prepared from a graduate lecture course by the second author 
on symmetric spaces at the University of Pittsburgh during the Fall of 2010. We 
make no claim to originality, either in the nature of the results or in exposition. 
In both capacities, we owe a large debt to the notes of Borel [4], as well as to 
Kobayashi and Nomizu 1111 , II12I for the earlier chapters, and Helgason |5j for the 
later chapters. 

Several changes were made during the preparation of these notes from the 
material as it was presented in the course. First, many proofs have been corrected 
or streamlined. Whereever possible, results have been more carefully stated. Some 
exercises have been added to the text. In addition, we have tried to provide 
references to further reading. We have also devoted an entire chapter to a naive 
treatment of examples in an effort to illustrate some of the general features of 
symmetric spaces. 

Most of the material that we have drawn upon is quite standard, but some 
of it is difficult to find. The earlier chapters draw primarily from Borel (U and 
Kobayashi and Nomizu flT). Chapter [6] draws from Borel |l4j and Humphreys fT], 
although there are many more detailed accounts of compact Lie groups; see Knapp 
lllOl for a thorough treatment. The use of Vogan diagrams in Chapter [8] instead of 
the traditional Satake diagrams seems to be due to Knapp iBol . 

At present, these notes are a first draft — still very much a work in progress. As 
of this draft, there are a number of notable omissions: 

• Certain portions of the text have not been optimally organized. For 
instance, we have interspersed discussion of non-compact orthogonal 
symmetric Lie algebras in the chapter on compact orthogonal symmetric 
Lie algebras. At the Lie algebra level, the two notions are dual, but doing 
it this way avoided certain awkwardness in discussing the "maximally 
compact" (as opposed to "maximally split") Cartan subalgebra. 

• Furthermore, the lectures themselves scrupulously avoided the familiar 
theorem-proof paradigm. We have attempted in these notes to organize 
things more around results, though. However, in some sections it was not 
clear exactly how to do this, and in these sections the text often becomes 
more obscure. 

• We have not yet prepared suitable figures, although figures were pre- 
sented in the lecture, and would shed a great deal of light on certain 
examples. 

• We have omitted the discussion of Satake diagrams in favor of Vogan 
diagrams, although Satake diagrams were presented in one of the lectures. 
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PREFACE 



We do not have plans to add this content, since it can be easily found in 
Helgason, and does not add any substantial results to those we have 
already obtained. 

• The final chapter on analysis on symmetric spaces is not yet completed. 
The lectures presented a very skeletal outline of the theory of spherical 
functions that we should like to include here. In the mean time, the expos- 
itory articles 1191 , ITSlI cover approximately the same content, although 
from a slightly different viewpoint. 

Jonathan Holland 
Bogdan Ion 
University of Pittsburgh 
December, 2010 



CHAPTER 1 



Affine connections and transformations 

1. Preliminaries 

This section sets the notational conventions and basic facts of differential ge- 
ometry that will be essential to subsequent investigations. We shall omit proofs of, 
and even precise citations for, these facts. Two standard references for this material 
are Michor fWi and Kolaf, Michor, Slovak Il3l . 

1.1. Tensors. Let M be a smooth manifold of dimension n. We denote by 
the sheaf of smooth functions on M. A tangent vector at a point p e M is an R-linear 
derivation Vp : '^lo^ — > R. The vector space of tangent vectors at p is denoted TMp, 
and the disjoint union over all p e M, denoted TM, is the tangent bundle and carries 
a natural vector bundle structure. The dual bundle TM' is the cotangent vector. 
Tensors on M are formed by taking tensor products of copies of TM with copies of 
TM*. Denote by T^'M the bundle of tensors 

T'iM = TM®---® TM®TM* ®---® TM* . 

P ? 

Tensor fields are sections of the tensor bimdle T^M, and here are denoted by ^^M. 
The space of vector fields is thus and the space of differential forms is fT^^M. 
It is worth remarking that these are all sheaves, and in fact ,5^^ is the sheaf of 
derivations of to itself. The resulting sheaf of -modules is locaUy free of 
rank n, and so this shows that TM is actually a vector bundle. 

1.2. Lie derivatives. If (/j : M ^ N is a differentiable map, then for each p e M, 
the pushforward c/),^p : TMp T^<',)(p) is defined by {(p,_pXp){f) = Xp{f o (p) for 
/ e 'S'^^^y The pushforward is also denoted by d</j,,. The pullback c^* : TN'^^^^ TMp 
is the transpose of p. If is a diffeomorphism, then we defined c^, on one-forms 
by c^, - (cf)'^)* and cp* on vectors by (p* - ((/)~^),. When cp is a diffeomorphism, these 
operators extend in a unique manner to isomorphisms of the full tensor algebra. 

Let X e .S^^M. An integral curve of X through a point p is a differentiable 
curve y : (-e, e) ^ M such that, for all / e "if °°(M), (X/) °y = jt{foy). Taking / in 
turn to be each of n functionally independent coordinates, this defines a first-order 
differential equation in the coordinates of y, so that through each point p e M, 
there exists an integral curve defined on a small enough interval. For each p e M, 
there is an open neighborhood Lf c M containing p and e > such that each point 
q e U has an integral curve y^ through it defined for all t e {-e,e). The map 
{q,t) I— > yq{t) : U X (-e, e) — > M is smooth, by smooth dependence of solutions on 
initial conditions. This mapping is the local flow of the vector field X, and we shall 
denote the local flow by {q, t) i— > exp{tX){q). Shrinking Lf and choosing a smaller e 



7 



8 



1. AFFINE CONNECTIONS AND TRANSFORMATIONS 



if necessary, exp is a diffeomorphism of U onto its image for all t e {—e, e). Indeed, 
exp~^{tX) = exp(-fX) is smooth on 

The Lie derivative of a tensor field T along a vector field X e is defined 

by 

exp(fX)*T - T 
ifxT = lim . 

For instance, it follows from the definition of the exponential map that ^xf = Xf 
for a function / e '^°°{M). The Lie derivative along X is an R-linear derivation of 
■^""-modules. In particular. 

Note also that the Lie derivative commutes with tensor contraction, since by defi- 
nition the pullback commutes with tensor contraction. 

If X, y e ^qM, then the Lie bracket of X and Y is the commutator of derivations: 

[x,y]/ = xy/-yx/. 

With this operation, J^^M becomes a Lie algebra. The Lie bracket is related to the 
Lie derivative by ~ [X, Y]. A proof of this is sketched below using differential 
forms. 

1.3. Differential forms. Let ATM' be the exterior algebra of the cotangent 
bimdle, and let Q denote the sheaf of sections of ATM*. This is a graded algebra 
whose graded components Q*^ are the spaces of fc-forms. Let Der(Q) be the space 
of graded derivations on Q, equipped with the supercommutator 

[D,D'] = DD' - (-l)<iegDdegD'j3,p 

Then Der(Q) is a Lie superalgebra graded by degree. 

A Lie superalgebra is a Lie algebra in the category of super vector spaces. A 
super vector space is a vector space with a grading V = Vq®V\. The category 
of super vector spaces is just like the category of vector spaces with a Z2 grading 
except that the natural braiding isomorphisms t:V<^W^W^V switch sign if 
both tensor factors have odd degree. Thus a Lie superalgebra is a vector space 
L = Lq ® Li together with a bilinear bracket [-, -] such that 

• [x/, yy] e L,+y(2) for x,- e U, xjj e Lj, i, y = 0, 1. 

• [[x,y],z]+(-l)'i'^g-^('i'^g^'+'i^g^)[[y,z],x]+(-l)'i'^g^('i^g-^+'i'=s = 0. (Note 
this implies that ad(x) is itself a derivation of degree degx). 

Ordinary Lie algebras are Lie superalgebras concentrated in even degree. 

There is a imique derivation of degree 1, d : Q ^ Q, characterized by the 
properties 

• If / e Q° = then df is the ordinary differential of /: df{X) = Xf 

• d(a A j3) = da A |3 + {-if'^s^'a A djS 

• d^ = Md,d] = 



We use exp to denote the local flow and Exp to denote the exponential map associated to an affine 
connection later. 
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Since the action of d on functions commutes with puUbacks, and d is then char- 
acterized by algebraic properties that are also invariant under pullback, it follows 
easily that d commutes with the pullback along smooth mappings. Hence also 
ld,^x] = 0. 

For V e TM, there is a derivation of degree -1, iy ■ ATM' ATM*, character- 
ized by 

• z;,/ = Ofor/e A^TM* 

• i^a = a{v) for a e A^TM* = TM* 

• z„(a A jS) = h,a A jS + A U,p. 

Then, acting on forms, = Ux, d]. Indeed, this is true on Cf since [z'x, d]f = i^df = 
Xf = J^'xf- It is also true on dO", since 

[ix,d]df = di.df = d{Xf) = d^xf = ^xdf. 

Now, Q is generated as an algebra by Q" and rfQ", and thus any derivation is 
determined by its action on Q" and dOP. Since Jtfx agree on these generators, 
■^x = [ix,d]. The same method, together with the fact that Lie differentiation 
commutes with tensor contraction, shows that ic^^Y = [-^x, h]- 
Let us now prove that [X, Y] = ^x^: 

[X, Y]f = XYf - YXf = ixdiydf - iydixdf 
= [ix,d]iYdf -iy[d,ix]df 
= [ifx, irW = ij^.ydf = i^xY)/. 

The operators ix, d, JCx, X e ^^M generate a subalgebra of the Lie superalgebra 
Der(Q) which is determined by Cartan's identities: 

• [J^x,-^y] = -^[xj] 

• [-^x, iy] = iix,Y] 

• [ix, iy] = 

. [d,ix] = ^X 

• [d,^x] = 

• [d,d] = 

This is a special case of a Weil algebra. Abstractly, if g is a Lie algebra, then we 
form the space 

3B= g ® (g®Rd) 

degree degree 1 

together with a bracket defined as follows. Let (po, c^i : g — > 2B be the inclusions of 
g into the even and odd parts. Then, for X, Y e g, define the bracket on 3B by 

• [cPoX,(PoYo]^cPolX,Y] 
. [(PoX,cj)iY] = cPi[X,Y] 

• [(PiX,(PiY] = 

• [d,(PiX]=cPoX 

• ld,(po]^0 

• [d,d] = 

In the special case when g = .S^^M is the Lie algebra of vector fields on M and 
(poX = J^'x, (piX = ix, and d is the exterior derivative, the Cartan identities are 
precisely the relations for a Weil algebra. 
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The full algebra of derivations is much more difficult to describe. The operation 
X 1-^ z'x from ,'7'gM Der-i (Q) can be extended to an operator ,^^M g) Q*^ 
Der^-iQ denoted by _K i-^ Ik- One can then define the Lie derivative along K by 
■^K = Uk, d]. Then any graded derivation in Derk{Cl) can be uniquely decomposed 
as k + for some L e 3r^M ® 0*^+1 and K e ^^^M (g Q'^Q 

2. Affine connections 

An affine connection V on a smooth manifold M is an R-bilinear mapping 

V : TjM X ,^^M -> .^^M, 

typically written VxY for X e T^M and Y e S^qM, such that for a fixed X, Vx is a 
derivation of "^""-modules via the rule: 

Vx(/y) = (x/)y + /Vxy. 

The operator Vx extends imiquely to a derivation on the full tensor algebra, also 
denoted by Vx- It is degree preserving (i.e., degree zero). The resulting derivation 
agrees with X on functions and commutes with tensor contractions]^ 

Explicit formulas for the extended connection are therefore available using 
duality. Thus if a e is a one-form, then Vxa is also a one-form given by 

(Vxa)(y) = X(a(y)) - a(Vxy). 

Similar expressions hold for higher degree tensors. This defines a derivation with 
respect to the product ®, but also with respect to the wedge product A under the 
natural inclusion of the exterior algebra of differential forms into the tensor algebra. 
With this identification, the following analog of Cartan's main identity holds: 

hxY = [Vx,zy]. 

If T e ^qM, denote by VT the covariant derivative of T: the section of =5^+iM 
defined by double duality 

VT(X(8)S) = (Vxr)(S) 

for all S e ^'M. 

2.1. Connection coefficients. Let Xj, . . . , X„ be a local frame on M: a basis of 
sections of for some open subset Lf c M. It is sometimes convenient to 

introduce the connection coefficients T*^. relative to this local basis, vi^ 

Vx,X; = l)jXk. 

If y = u'X,, W = iv'Xj e ,'7qU, then the covariant derivative of V along W can be 
expressed in terms of the connection coefficients via 

VwV = iv'Vx,{v'Xj) = iv'(x,{v'') + T'ijV')Xk. 
^See Kolaf, Michor, Slovak, Theorem 8.3. 

''in fact, every derivation of the tensor algebra into the tensor algebra at x that preserves degree 
and commutes with tensor contractions is of the form Vx + S for some X 6 T^M and S e End TMx- See 
Kostant, B. Holonomy and the Lie algebra in infinitesimal motions of a Riemannian maniold, Trans. Amer. 
Math. Soc. 80 (1955), 528-542. 

*The Einstein summation convention is implied here and elsewhere indices are used. 
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A related formalism is that of the connection one-form relative to the frame. If 
Xe ^gi^then 

VxX, = 0f(X)Xt 

where d'. is a one-form on 17. Equivalently, VX, = 0^® Xjt. In terms of the connection 
coefficients, 0^ = T'..a)i where e ,3^^U is the dual coframe to X„ defined by 

(o'{X,) = 6'.. 

2.2. Parallel transport. Let y : [0, 1] ^ M be a continuously differentiable 
immersed curve in M with y(0) = p, y(l) = q e M. A vector field along y is a 
(continuously differentiable) association of a vector Xf e TMy^t) to each t e [0, 1] 
(that is, X is a section of the pullback bundle y~^TM). Given a vector field X along 
y, for each fo e [0, 1], there is an open interval I 3 to such that X|/ can be extended 
to a vector field X on an open subset of M that includes y(7). We then define 
Vj,(f)Xf = (V,>(f)X)j,((). Note that if /is a function vanishing on y(7) and y is any vector 
field in a neighborhood of y (7), then (V,-,(,) (/¥)),(,) = fjiyit)) +f{y{t)) (V^(,) Y),,(t) 
which vanishes on 7. Since any vector field that vanishes along 7 can be expressed 
as a linear combination of vectors of this form, V.y(f)Xf does not depend on how X 
was extended off of y(7). In a local frame, if V = i?'X„ then 

^mVt = i^j/iy{t)) + Ylfym\t)Ay{t))yKy(^ 

Since the right-hand side does not involve extending V, this verifies in an alterna- 
tive way that the operation on the left-hand side is well-defined. 

If Xp e TMp is given, then the parallel transport of Xp along y is the solution of 
the first-order ode 

V,>(f)Xf = 

Xq - Xp (the given initial value) 

We then define 

TlyXp - Xl. 

This transports the vector Xp e TMp to a vector UyXp e TM^. 
The parallel transport obeys the properties: 

• The parallel transport is invariant under reparametrizations of the curve: 
if s : [0, 1] [0, 1] is a continuously differentiable function with s' > 0, 
then Uy = Tiyos- 

• If y and [i are two curves and y(l) = f/(0), then Uyup = Uy o Tip. 

• Uy is invertible, and n~} = n-y where -y{t) := y(l - 1) is the curve obtained 
by following y in reverse. 

Although we have only defined parallel transport along curves, we can define 
it along piecewise curves by decomposing such a curve y = yi U y2 U ■ ■ ■ U y^ 
as the compositum of curves, and then defining Uy = Uy^ o rcy^ o ■ ■ ■ o tIj,, . The 
second property above ensures that this is compatible with the notion of parallel 
transport already defined. 

From parallel transport, the affine connection can be recovered. Let X e .^^M 
and suppose that Y = y(0) e TMp. Let ys be the curve ys(0 = y{t/s) for s e (0, 1). 
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Then 

(VyX)„ = lim — -. 

Holonomy. If y is a closed curve, then the parallel transport ttj, e GL(rMp). 
This map is called the holonomy around y. Asy varies over all closed curves, this 
defines a subgroup of GL(TMp), the holonomy group Wp. It is an analytic subgroup 
of GL(rMp)0 Moreover, the connected component of the identity, ^p,?, is the 
subgroup generated by the holonomy around closed curves that are homotopic to 
the constant curve: y ~ p. 

2.3. Geodesies and the exponential map. A geodesic is a curve whose 
tangent vector is parallel along itself. Equivalently, y is a geodesic if and only if 

Vyf = 0. 

More precisely, this characterizes the geodesies with a preferred class of parametriza- 
tions known as affine parametrizations, which are determined up to an affine 
transformation of time: t at + b. By the existence and uniqueness theorem for 
solutions of ordinary differential equations, there exists a unique geodesic through 
p with prescribed initial velocity Xp. This geodesic can be continued for sufficiently 
small time t. 

For p e M and X e TMp, let y{t) = Expj,(tX) be the geodesic through p with 
initial velocity y'{0) = X. This is well-defined in a neighborhood of X e TMp for 
\t\ < e. Since TMp is locally compact, there is an open Lf c TMp containing the 
origin such that Expp(X) exists for all X e U. 

We now calculate dExp^g. Let X e TMp be a vector. Since TMp is a vector 
space, we can think of X as an element of the tangent space at the origin T{TMp)o. 
If F e ^""(TMp), then XF(0) = |f (fX)|^^p. Hence, for / e ^°°Mp, 



dExpp o(X)/ = X{f o Expp(O) = |/(Expp(fX)) 



since y{t) = Expp(fX) satisfies y(0) = X. Thus d Expp p - Id. By the inverse function 
theorem, Exp^ is a diffeomorphism of a possibly smaller open neighborhood U of 
the origin in TMp onto an open neighborhood of p e M. 

2.4. Torsion and curvature. The two tensorial invariants of an affine connec- 
tion are its curvature tensor R e Op- ® .^^M and torsion T e ® 5^^M defined by 
duality as follows. Let Xp, Yp, Zp e TMp be vectors at p and extend them to vector 
fields X, X Z in a neighborhood of p. Put 

Rp{Xp,Yp)Zp = ([Vx, Vr]Z - V[x,Y]Z)p 

Tp(Xp, Yp) = (VxY - VyX - [X, y])p. 

In each of these, the right-hand side is multilinear in each of the vector fields, and 
it is readily verified that if one of the vector fields vanishes at p, then the whole 
quantity is zero at p. Therefore these do not actually depend on how X, Y, Z are 
extended away from p. 

The curvature measures the failure of a vector Zp to return to its original 
position when it is parallel transported over an infinitely small loop. In fact, if X 



^See Theorem 4.2 in Kobayashi and Nomizu, Foundations of differential geometry, Vol. I, Wiley- 
Interscience, 1963. 
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and y commute, then n^xpi-tYiv) neKp(-tx/u) nexp(tY/v) Tiexp{tx/u)Zp is the result of parallel- 
transporting the vector Zp over the parallelogram whose sides are integral curves 
for the vector fields X and Y, followed for parameter time u and v, respectively. 
Then the curvature is recovered from the parallel transport via 

T> rv V _ 1- Z'p - nexp(-tY/v)'^exp{-tX/u)nexp{tY/v)nexp(tX/u)Zp 

Since curvature is generated by the parallel transport over infinitely small 
loops, naturally there is a correspondence between the holonomy and the curva- 
ture. By taking a "lasso" from x to each point y e M, with an infinitely small loop 
at the end, the following Ambrose-Singer holonomy theorem is reasonable: 

Theorem 1. Lie(^p) is generated as a Lie algebra by the set of all n~^R{Xyi^i), yv(i)) ^ 
gl(TMp) such that y : [0, 1] ^ M is a piecewise curves with y(0) = p, and ¥,,(1) e 
TM,,(i). 



3. Affine diffeomorphisms 

Let (M, V), (M',V') be two manifolds equipped with affine connections. A 
diffeomorphism <p : M M' is called an ajfine dijfeomorphism if 

for all X, y e ,y^^M. A local affine diffeomorphism is an affine diffeomorphism 
from an open subset of M to an open subset of M' . 

If (/) is a local affine diffeomorphism, then (p maps geodesies to geodesies 
(together with the affine parameter). Hence {(p o Expp)(X) = Exp^^j((^,^pX). In 
particular. 

Proposition 1. Let M be connected and f,g:M^M' two local affine diffeomor- 
phisms (near all points ofM). Iff,,p = g,,p at some p e M, then f = g- 

Let Z e J^^M. Then we call Z an infinitesimal affine diffeomorphism if exp(fZ) 
is a local affine diffeomorphism of M for all sufficiently small t. For such a Z, by 
definition 

exp(tZ),Vxy = Ve,p(fZ),x(exp(fZ),y) 
for all y. Differentiating att = gives 

i?zVxy = v^,xy+Vx(^zy) 

or, 

(1) [^z,Vx] = V[z,x] 

for every vector field X e ,5^^M. Conversely, if Z is a vector field such that ^ holds 
for all vector fields X, Y, then the local flow of Z is a local affine diffeomorphism, 
and so Z itself is an infinitesimal affine diffeomorphism. 

The space of infinitesimal affine transformations is a Lie algebra: 

Proposition 2. If X,Y are infinitesimal affine transformations, then [X, y] is an 
infinitesimal affine transformation. 
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Proof. Let K e ^^^M. Then 

[^lX,Y]'^K]-lWx,.^Y],yK] 

= [^x, m, Vk]] - [J^Y, l-^x, Vk]] by m 
= [i?x,[V[y,x]]]-[^r,[V[x,K]]] 
= V[x,[r,jiC]]-[Y,[x,K]] by again 
= V[[x,r],K]- 

as required. □ 

Let e M and go be the space of germs of infinitesimal affine transformations 
ato. Let 

fo = {Z e go I Zo = 0} 

be the isotropy algebra of o. Now the kernel of ^z,o '■ S^qMq — > TMg contains all 
vector fields that vanish at o, for if /(o) = 0, and X e ^^M, then, then [Z, fX]o = 
{Zof)Xo + /(o)[Z,X]o = since /(o) = and Zo = 0. Thus factors through the 
quotient and defines a map ^z,o : TMo —> TMo- Thatis,^z,o £ gl(rMo). This defines 
a representation fo gl(TMo). The representation is faithful by Proposition [T] In 
particular tg is finite-dimensional. 

By Proposition[TJ a local affine diffeomorphism is determined by its differential 
at a point. The following theorem answers the question of which linear isomor- 
phisms \p : TMx TMy are the differentials of affine transformations. Its proof 
will occupy the next subsection. 

Theorem 2. Let M,Mbe two affine manifolds, x e M, y e M. Let : TMx TMy 
be a given linear isomorphism, and define W = Exp^^ o;^ o Exp~^ : Ux — * Uy, where Ux is 
a star-shaped neigbhorhood of the origin in TMx small enough that ^ is a diffeomorphism. 
Then ^ is an affine diffeomorphism if and only ifWR - R and ^*T = T. 

3.1. Proof of Theorem |2l Our proof uses Cartan's structure equations. Let 
Vx = Exp^{Ux) c M and Vy = Exp^(Lry) c M. Let X,> be a basis of TMx, and 
extend these by parallel translation along geodesies through x to a local frame X, 
on Vx- (Geodesies through the center of a normal neighborhood are called radial.) 
Note for later use that ^,X, is also a local frame on that is parallel along radial 
geodesies as well. 

Let o)' be the dual forms to X, and the connection forms of V in the frame: 

VX; = e\ ® Xj. 

Let r.^ = a)'iT{X„Xj)) and R^.. = a;^(R(X„Xy)Xt) be the components of the torsion 
and curvature in the frame and define 

r = ^T),JAaj', and R^ ^ ^R^^.cv' A cv^ . 

A computation in the frame gives the Cartan structure equations: 

dco' = JAe\ + r 
de\ = 0^ A e; + r\. 

Define a map O : R x R" ^ M by 

0(f;fl\...,fl") = Exp^(ffl'X,>.)- 
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Then c& is called a polar normal coordinate system. For each fixed t, it defines a 
coordinate system in a neighborhood of Lij, and 0(f; a^,. . ., a") = 0(1; ta^, ta"). 
Our strategy is to compute 0*0)' and O'0^ Cartan's equations will then give a 
differential equation that governs the evolution in t of these forms whose coeffi- 
cients involve the curvature and torsion. The analogous equations on M will then 
be the diffeomorphic image of the equation on M xmder the mapping O. So by 
uniqueness of solutions of differential equations, the connection coefficients on M 
are the diffeomorphic image of the connection coefficients on M. 
Write 

O'w' = fit; a\..., a") dt + a', O*0|. = fli, . . . , dt + q\ 

where oj and 0y do not involve di. To compute /', fix a , . . . , a" e R, and compute 
the puUback of O'w' under the map t i-^ (f;fli, . . That is, let y(f) = 0(to'X,,..c) 
be the geodesic in M through x with initial velocity y'(0) = fl'X, y- Then 

/o)' = fi{t;ai,...,a„)dt. 

But on the other hand 

fco'{d/dt) = co'iyJIdt) = co'{a''Xk,,) = a'. 
Similarly, to compute g'., we compute = g'.{t; a^,. . ., a") dt via 

Y'e){dldt) = e){a''Xk,:c)dt = T'.^{x)a''dt = 

since the frame X, is parallel translated along geodesies through x, and so = 
(Vx,X;c).v = r.,(x). Thus 

OV =fl'tff + aJ' 

Note also that aJ'|f=o = for Of=o is constant, and therefore the pullback of any 

one-form along Of=o must vanish. For the same reason 6j\t=o = 0. 
Now on the one hand, 

O'do)' = dO'o;' = da' dt + dt A — + (terms not involving dt) 

<^'dd'. ^dt A— ^ + {■■■). 

' at 

On the other hand, by Cartan's structure equations, 

O'dw' = aid'. Adt + <5*T' + (■■■) = a'&. Adt + T\ o Ofl/ dt Am' + (■■■) 
^*d&. = + (•■■) 

= R'.,,o0a''dt Aco^. 
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Equating coefficients gives 

dco 



^ =da' + (V., o <^)a'co +aW; 
at 1'^ ' 

With the initial conditions 

w'(0;fl\...,fl") = 
0)(O;fl\...,fl") = O 

this defines an initial value problem for a system of first-order ordinary differential 
equations. 

Now, the following diagram is commutative 



LJclR' 



H + l 




y V c M ■ 



Uy C TMy 



Exp,, 



Vy(ZM 



If WR = R and WT = T, then O O 6'j solve the same initial value problem on 
(We here use the same letters to denote the corresponding forms on M and 
on M, since it is clear from the context which is which.) Hence O oj' = O'co' and 
O*0'. = By commutativity of the diagram, = 6'. and Wcv' = (J. Hence 

where in the second equality we used 0^(X) = (^*0^)(X) = Q\{^,X). 



We end with a corollary: 

Corollary 1. Let M, M l^e too o^'ne manifolds, x e M, y e M. Let \}j : TM^ -> TMy 
be a given linear isomorphism, and define m = ExPy °^ ° Exp~^ : Ux — * Uy, where Ux 
is a neigbhorhood of the origin in TMx small enough that W is a diffeomorphism. Suppose 
that VR = and VT = 0. Then ^ is an affine diffeomorphism if and only ifipRx = Ry and 

^Tx = Ty. 

That is, when the curvature and torsion are covariantly constant, it is enough 
to check that they agree at a single point. 

Proof. The basis X, is parallel transported along y, and so the components of 
T and R relative to the basis are constant along y. This holds throughout Vx, and 
so the components of T and R are constant in Vx- Similarly, the components of T 
and R are constant throughout Vy. Hence W*R = R and W*T = T hold throughout 
the domain, because they hold at a single point. □ 
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4. Connections invariant under parallelism 

Let M be a manifold with affine connection V. Let a,b e Mhe two points and y a 
piecewise curve from a to b. We say that tIj, : TM^ — > TMf, (the parallel transport 
map) is the differential of a local affine diffeomorphism if there exist neighborhoods Ua 
and Ui, of a and b and there is a local affine diffeomorphism O : Lfa ^ Uy such that 
O.^fl = Tiy. The cormection V is said to be invariant under its parallelism if tij, is the 
differential of a local affine diffeomorphism for all y. 

Proposition 3. The following are equivalent: 

(1) V is invariant under its parallelism. 

(2) Tiy is the differential of a local affine diffeomorphism for all geodesies y. 

(3) VT = = 0. 

Proof. (1) => (2): Immediate from the definition of invariance under paral- 
lelism. 

(2) (3): If V is invariant under parallelism, then since local affine dif- 
feomorphisms preserve curvature and torsion, VyR = Vv T - for all geodesies y. 
Therefore VR = VT = 0. 

(3) => (1): Since R and T are covariantly constant, for any curve }' from a to 
b, UyRa = Rb and UyTa = Th- By Corollary there is a local affine diffeomorphism 
^ : -> Vfc such that ^,,„ = ti,,. □ 

Suppose that a and b are close enough that each is the center of a star-shaped 
normal neighborhood containing the other, and let [a, b\ be the unique geodesic 
inside this neighborhood that connects a and h. Suppose that 7T[„,i,] = {ia,b)*A where 
Ta,b is a local affine diffeomorphism. Then Ta,b leaves the geodesies (locally near 
a, b) invariant. As a result, if c is a point on [a, b\ and d is the point past b such that 
{a, c] : [b, d] = 1 (same parameter time), 

(Tfl,fc)*,c o (pa,c = nb,d ° {Ta,b);c = Tl[b,d] ° Tl[a,b] = Tl[a,d]- 

The local affine diffeomorphism Ta,b is called the transvection with support [a, b]. 

Fixo e M and let X : I Mbe a geodesic through o. Let To,.v(f) be the transvection 
with support x(s), < s < t. Then, by the above, 

To,.v(t) ° '^o,x(s) - To,.T.-(s+0- 

Hence f i-^ T^o,x{t) defines a mapping I Aff(Uo)/ the pseudogroup of affine diffeo- 
morphisms of Uo- 

Definition 1. Let T{t) - To^x(t)- Then - X e ,'7^Uo is called the infinitesimal 

transvection with support o. 

Let tiio - {infinitesimal tranvections with o in the support} c go. Evaluation at 
defines a homomorphism evg : Qo TMo, eVo(X) = Xg. When restricting this 
homomorphism to nio, we have 

Proposition 4. Let (M, V) be an affine manifold with V invariant under parallelism. 
Then evg : mg TMo is a linear isomorphism. 

Proof. Each element Xg e TMo generates a unique geodesic for sufficiently 
small time. This geodesic then generates a transvection t such that = X 

which, when evaluated at o is evo(X) = Xo. □ 



18 



1. AFFINE CONNECTIONS AND TRANSFORMATIONS 



Let ker evo = fo c Qo. The inclusion nto splits the exact sequence 
^ fo ^ go ^ TMo s m„ ^ 0. 

Hence, 

Theorem 3. Let (M,V) be an affine manifold with V invariant under parallelism. 
Then Qo = io ® t^o- Furthermore, [f,,, f,,] c fo and [f,,, m,,] c mg. 

Proof. Only the statements about the Lie bracket remain to be proven. Firstly, 
since the bracket of two vector fields that vanish at o also vanishes at o, fo c Qo is a 
Lie subalgebra: [fo,fo]- 

To prove that [fo, mo] c nto, let X e fo and Y e lUo. Then exp(sX) is a local 
affine diffeomorphism and exp(sX)o = o. Hence exp(sX),,oY is an infinitesimal 
transvection with support o. So exp(sX),oY e nto. The derivative at s = is 
Ji'xY e Trto. Thus [X, Y] e mo, as required. □ 

Proposition 5. Let (M, V) be an afine manifold with base point o e M and with V 
invariant under parallelism. For X e go, write X = Xf + X,n be the splitting ofX into fo 
and nto parts. Then for X, Y, Z e mo, 

T(Xo,Yo) = [X,Y]o 

R(Xo,Yo)Zo = (^[y,X],Z)o 

Proof. The proof relies on the following fact: if X is an infinitesimal transvec- 
tion at and T is a tensor, then parallel transport along X agrees with the pushfor- 
ward along the vector flow of X, ad so 

(VxT)o = lim J (exp(-fX).,exp(fX)oTexp((X)o - To) = (^xT)o. 

Hence, 

T(Xo, Yo) = (VxY - VyX - [X, Y])o = ([X, Y] - [Y, X] - [X, Y])o = [X, Y]o. 

Also 

R(Xo, Yo)Zo = (VxVyZ - VyVxZ - V[x,y]Z)o 
= (ifxVyZ - ^yVxZ - V[x,y]Z)o. 

Now recall that for an infinitesimal affine diffeomorphism X, V[x,w] = [-^x, Vw] for 
all vector fields W. So continuing the above calculation of the curvature: 

R(Xo, Yo)Zo = (V[x,y]Z + Vy^xZ - V[yx]Z - Vx^yZ - V[x,y]Z)o. 

= (-V[y,x]Z - Vx^yZ + VyifxZ)o 

= (^[y,x]Z - V[yx]Z)o 

= (^[y,x],Z - V[yx],Z)o since £w = Vw for W e mo 
= {J^lYX],Z)o since ([X,Y]t)o = 

as required. □ 

We have the following important corollary: the structure of these Lie algebras 
is invariant imder affine diffeomorphism. More precisely. 
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Corollary 2. Let (M, V) and (M, V) be affine manifolds containing respective base 
points 0, 0. Suppose that V and V are invariant under their parallelism. Let O : LJo — > !io 
be a local affine diffeomorphism. Then O induces a Lie algebra isomorphism between % 
and Qg such that the decompositions % = ^o ® n^o and flo = % ® iito are preserved. 

Proof. Follows from the previous proposition and Theorem |2l □ 



CHAPTER 2 



Symmetric spaces 

1. Locally symmetric spaces 

Let (M, V) be an affine manifold, and let a.v = - idjM, e End(rM.Y). Let = 
Exp^ Ox Exp~^ : Ux — > Ux for some normal neighborhood Ux that is symmetric with 
respect to s.v (so that SxUx = Ux). We will sat that (M, V) is locally symmetric at x if Sx 
is a local affine diffeomorphism for some Ux- We say that (M, V) is locally symmetric 
if it is locally symmetric at all x. The manifold is globally symmetric if is locally 
symmetric, and each Sv extends to a global affine diffeomorphism at every x. 

The local symmetry at x fixes x and reverses the direction of every geodesic 
through X. Note that x is the only fixed point of in Ux- Indeed, if / is an affine 
diffeomorphism such that f{x) = x and f(y) = y for some y e Ux, y + x, then / 
must preserve the geodesic y : I ^ M connecting x and y: f{}'(t)) = y{t) for all 
tel. In particular, /.,x(>'(0)) = y(0). Thus x is an isolated fixed point of a local 
affine diffeomorphism / if and only if 1 is not an eigenvalue of /. J. As a result, Sx 
is the only potential local affine diffeomorphism of order 2 with x an isolated fixed 
point. 

Proposition 6. Let (M, V) be an affine manifold. The following are equivalent: 
(DM is locally symmetric. 
(1) T = OandVR = 0. 

(3) For all X e M and all symmetric normal neighborhoods Ux, Sx is a local affine 
diffeomorphism. 

Proof. (3) => (1) is the definition of locally symmetric space. 

(1) => (2): Tx = OxTx = -Tx, soTx = for all x. Similarly VR = Ox^R = -VR, 
so VR = as well. 

(2) => (3): Since T = and VR = 0, the hypotheses of Corollary[T]are satisfied, 
and since OxTx = Tx = and ct.vR.y = Rx, Sx is a local affine diffeomorphism. This 
holds for all symmetric normal neighborhoods because Cartan's equations in the 
proof of Theorem|2]have constant coefficients, and therefore the solution is defined 
on the largest possible domain of Exp~^ . □ 

If (M,V) is a locally symmetric space, then since T = and VR = 0, the 
connection is invariant under parallelism. In fact, it is possible to describe the 
transvections explicitly. Suppose that x,y e M are each in a normal symmetric 
neighborhood of each other. Let [x, y] be the geodesic connecting x and y. Let m 
be the midpoint of this geodesic (defined so that [x, m] : [m, y] = 1). Then 

= (Sy ° s,„), = (sm o Sx),. 

Indeed, note first that s„, the geodesic [x,y] is stable under each of s„,,Sx,Sy. In 
particular, if T is a tangent vector to [a, b], then Sm.T is also a tangent vector. Thus if 
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X is any parallel vector along [a, b] , SO IS Sm ,,X because s,,, is an affine diffeomorphism 
and so Wts„i^,X - Sm,,(Vs,„,.T'-^) ~ ^- Now, Sm^.X is a parallel vector field along [a,b] 
such that s,„ ,X,„ = -X,,,. As a result, s,„ ,X = -X. In particular Si„^,Xx = -Xy. Thus 

(Sy ° Sin)*Xx — —Sy^tXy = Xy. 

So (Sy o s,„),_v = "[.v,!/]/ as required. 

Now, since the connection on a locally symmetric space is invariant under 
parallelism, the local Lie algebra go C .'T'^Mo of infinitesimal affine diffeomorphisms 
splits So = to ® iTio as in the previous section. The involution Sg : Uo —> Uo induces 
a map on vector fields So,, : £^qMo I^qMo that preserves the subspace go as well 
as the splitting of %. In fact, since So,, o So,, = id, So,, is a semisimple operator with 
eigenvalues +1. We have the following: 

Proposition 7. 

(1) fo is the +1 eigenspace and nio is the -1 eigenspace o/So,,. 

(2) The following hold: 

[fo,fo]cfo 
[fo, mo] c mo 
[mo, mo] c fo 

Proof. Let X e fo generate the flow cpt = exp(fX). Then (pt is a local affine 
diffeomorphism such that (pt{o) = o. Now (pt is determined by its differential at o: 
(pt,,,o e End(rMo). On the other hand, {so<ptSo).,o = (- idrM„)(/)t,.,o(- idrM,,) = (pt,.,o, 
and so SgCptSo = (pt- Taking the derivative at f = gives So,,X = X. 

To prove that mo is the -1 eigenspace, let X e mo generate the group of 
transvections T[o,.v,] = exp(fX). Then T[o,.v,] = s„,, o So and SoT[o,.t,]So - SoS,n,s^ = SoS,„, = 
''■[Ox ]■ Differentiating at t = gives So,,X = -X. 

Finally, it remains only to show that [mo, mo] c fo. Let X, Y e iiio. Then 

s„Ax,Y] = [so,.x,so,.y] = [-x,-y] = [x,y]. 

So [X, Y] is in the +1 eigenspace of So,„ which is fo- □ 

2. Riemannian locally symmetric spaces 

Let (M, g) be a Riemannian manifold with Levi-Civita connection V. We say 
that (M, g) is a Riemannian locally symmetric space if (M, V) is locally symmetric. 

Theorem 4. Let (M, g) be a Riemannian manifold. The following are equivalent: 
(DM is locally symmetric. 

(2) VR = 0. 

(3) For all x and all normal symmetric neighborhoods Ux, Sx is a local affine diffeo- 
morphism. 

(4) V is invariant under parallelism: for every geodesic [x, y], there exists a local 
affine diffeomorphism (p : Ux — > Uy such that n[x,y] = (p,,x- 

(5) n[x,y] = (So o Sx)*,xfor all x eUg and y = So{x) e Ug. 

( 6) For all o e M,So is a local isometry. 

Proof. The only new item is that (5) (6). This follows since So,,,^ = 

-(So o s.v),,.v - -TT[,v,s„(.v)] which is an isometry. □ 

We shall not prove the following theorem, due to Kobayashi (1955): 
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Theorem 5. Let (M, V) be a complete affine manifold that is connected and simply 
connected, and such that V is invariant under parallelism. Then any local affine diffeomor- 
phism can be extended (uniquely) to a global affine diffeomorphism. In particular, ifM is 
locally symmetric, then M is globally symmetric. 

Isometries of Riemannian locally symmetric spaces are determined at a point: 

Proposition 8. Let M,M be Riemannian locally symmetric spaces and f : TMo 
TMo a linear isomorphism. Then there exists a local isometry <p : Ug such that 

(p,_o = f if and only iff is an isometry and fRg = Rg. 

Proof. : Local isometries preserve the curvature. 

<=: If fRo = Rg, then Corollary [T] implies that there exists a local affine 
diffeomorphism (j) : Ug ^ Ug. Let X, be a frame on Ug that is orthonormal at o and 
parallel along geodesies through o. Then X, is orthonormal throughout Ug. Since 
(p maps this orthonormal frame to another such frame, <p is an isometry. □ 

Conventions: 

• Henceforth, "sjnnmetric space" will mean "Riemannian globally sym- 
metric space". "Locally symmetric space" will mean "Riemannian locally 
symmetric space". 

• We will change notation. Henceforth Qg and tg refer to the Lie algebras 
of infinitesimal isometries and infinitesimal isometries vanishing at o, 
and g,f/^ and f^^^ will refer to infinitesimal affine diffeomorphisms and 
infinitesimal affine diffeomorphisms vanishing at o. Then g^, = fo ® mg 
where 

to = ff n go, mg = mf. 

Remark. Infinitesimal isometries are typically known as Killing fields in the 
literature. 

Theorem 6. Let M,M be (Riemannian) locally symmetric spaces. A local isometry 
induces a Lie algebra isomorphism q„ = g^ preserving the decomposition and such that its 
restriction to mg {= TMg) is an isometry to mg (=TMg). Conversely, a local diffeomorphism 
ofM to M with these properties is a local isometry. 

Proof. => : If : M ^ M is a local isometry, then = (p,o,g since the 
composition of two isometries is an isometry. Since (p, : .'T'^M — > ."^^M is a Lie 
algebra homomorphism, it follows that (p,a,g - (ptQg is an isomorphism of Lie 
algebras. Likewise, cpjg - 

<^: If X,y,Z e m„, then Rg{X,Y)Z = [[X,Y],Z]. li cp : M ^ M is a local 

diffeomorphism such that (p, : mg ^ mg is an isometry, then <p,Rg = Rg. So from 
Theorem[8l (p is a local isometry. □ 

3. Completeness 

Let {M,g) be a Riemannian manifold. Then {M,g) is naturally a metric space. 
Indeed, the length of a piecewise continuous curve }^ : Z ^ M is defined by 

L[r] = J^g{f,yf'dt. 
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The metric can be defined by 

d{p,^) = infl^b'] I y piecewise continuous curve from p to q\. 

To show that this does indeed define a metric, the only slightly tricky thing is 
to prove that d{p, q) - implies that p - cj- For this, suppose p q and take a 
relatively compact coordinate neighborhood : LI ^ IR" of p that excludes q. Let 
r = dist{(j){p), d(p{U)), and let A = inf0(u) mma{(p,g) > be the smallest eigenvalue 
of <p,g on (p{U). Then, for any curve y from p to q, L[y] > rA > 0. 

There are several potential characterizations of completeness of Riemannian 
manifolds. The following standard theorem of Hopf-Rinow guarantees that the 
most common such notions are in fact equivalent: 

Theorem 7. Let M be a connected Riemannian manifold. Then the following are 
equivalent: 

(1) The Levi-Civita connection is complete, meaning that Exp^, is defined on all of 
TMpfor every p e M. 

(2) (M, d) is a complete metric space. 

(3) M satisfies the Heine-Borel property: a subset ofM is compact if and only if it is 
closed and bounded. 

Furthermore, any of these equivalent statements implies that any two points p,q e M can 
be joined by a geodesic of length d{p, q). 

So far, most of the results concern local isometries and local affine diffeomor- 
phisms. Under suitable topological conditions, local isometries can be extended to 
global isometries. 

Theorem 8. Let (M, g), (M, 'g) be connected and complete Riemannian symmetric 
spaces with M simply connected. Then any local isometry from MtoM can be extended 
to a global isometry. 

The proof requires the use of the injectivity radius: 

Definition 2. For each x e M, define the injectivity radius inj^(x) e (0, oo] by 

inj^(x) = sup{r | Exp~^ : B(x,r) TMx is well-defined]. 
We note without proof that inj^ : M ^ (0, oo] is a continuous fimction. 

Proof of Theorem. Let be a local isometry with (p{x) - x. Let y e M be 
another point, and let y be a curve of length ^ in M connecting x and y. We claim 
that (p can be extended to a local isometry in a neighborhood of y. 

To prove this, let T c y be the set of points in y that are contained in a connected 
open neighborhood extending (jj. This is clearly an open set in the relative topology. 
We claim it is also closed. Let Lfr be a bounded open neighborhood of y on which 
extends. Since cp : Uy —> Misa uniformly continuous function from a metric space 
to a complete metric space, it extends to a continuous function on the completion 
(=closure) of Ut- Let 

r= min min{inj^(M),inj-^((/)(M))}- 

uecl Ur 

Then r > because it is the minimum of a continuous function on a compact set. 
If u is a limit point of T, then B{ii, r/2) n F is nonempty; say it contains a point z. 
Then B{z, r) is a normal neighborhood of z and B{(p{z), r) is a normal neighborhood 
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of (p(z) e M. By Corollary [TJ since (p,Rz - R(p{z), <p can be extended to an affine 
diffeomorphism (p : B{z,r) — > B{(p{z),r) which, by virtue of Theorem [SJ is also an 
isometry. Since u e B(z, r), it follows that T is closed. Thus T c y is both open and 
closed, and so T = y. 

Now the extension of (p depends only on the homotopy class of y. Indeed, 
if yi/Yi are homotopic curves from x to y, then let F : [0, 1] x [0, 1] M be a 
homotopy for these curves. The image F([0, 1] x [0,1]) of the unit square under 
the homotopy is a connected set, and we can consider the largest connected open 
subset A c F([0, 1] x [0, 1]) that contains yi such that (p can be extended in an 
open neighborhood of A. Then we show by the same argument as the previous 
paragraph that A must be closed as well, and therefore that A = F([0, 1] x [0, 1]). 

Since M is simply connected by assumption, the result follows. □ 

Corollary 3. If(M, g) is a connected, complete, simply connected Riemannian locally 
symmetric space, then M is globally symmetric. 

Indeed, the involutions Sj^ are local isometries, which therefore extend to global 
isometries. As a result of the theorem and its corollary, connected, complete, 
simply connected Riemannian locally symmetric spaces are globally symmetric as 
well, and these are completely determined by the local structure. Moreover, the 
restriction of simple connectedness is not really essential: 

Corollary 4. Let M be a complete connected Riemanian locally symmetric space. 
The universal covering space M is globally symmetric. 

Proof. Let tt : M — > M be the covering map. Then M is Riemannian with the 
pullback metric g = n*g. This is a simply connected Riemannian locally symmetric 
space since it is locally isometric to M. It is therefore enough to show that M is 
complete. 

Let {x,,} be a Cauchy sequence in M. Then {ttx,,} is Cauchy in M, since 
d{nx, ny) < d{x, y) for all x, y e M. Let 7ix„ — > X e M. Let e > be small enough that 
the ball B{X,e) is an evenly-covered neighbordhood. Son-'^B{X,e) = U„B(X„,e) 
is a disjoint union of balls in M, each of which is isometric to B{X,e) under the 
projection n. Now, since {x„} is Cauchy, there exists N > such that for all 
n,m > N, d(Xn,x,„) < e/2. So {x„}„>Af lies entirely within some B(Xa,e/2), since 
dist(B(X„,e/2),B(X;j,e/2)) > e for a j3. Now because n : B(X,„e/2) -> B(X,e/2) is 

an isometry and nx,, X, it follows that x„ X^. So (M, d) is a complete metric 
space. □ 

4. Isometry groups 

Let (M, g) be a Riemarmian manifold and I{M) denote the group of isometries 
of M to itself. The group I(M) is a topological group relative to the compact-open 
topologyQ If p e M, denote by Stab/(M)(p) the stabilizer of p in J(M). By a theorem 
of Myers-Steenrod (1936), /(M) carries a unique differentiable structure making it 
a Lie group and Stab/(M)(p) is a compact subgroup of -f(M). 

Let M be a Riemannian globally symmetric space with a given base point 
e M, and involution Sg e Stab/(ivi)(o). Then Lie(J(M)), the Lie algebra of I{M), is 



This is the topology whose basis sets are of the form Bfc,Lf = 1/6 I f(iQ c Ul where K,U c M 
with K compact and U. 
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go, the Lie algebra of infinitesimal isometries. On the one hand, Lie(/(M)) c go. On 
the other hand, since M is complete, every infinitesimal isometry integrates to a 
local isometry, and any local isometry generates a global isometry (by Theorem|8ll; 
so go c Lie(/(M)). 

Note that ifcp e Stabj(M)(o), then (p commutes with Sg. Indeed, the differentials 
of (p and So commute at o: 

{(p o So),,o = -(p,,o = (So ° <p)*,o 

and so (p and Sg must also commute globally, since affine diffeomorphisms (in 
particular isometries) are determined by their differentials at a point. 

Now, the Lie algebra of the centralizer Q(m)(So) is the set of fixed points of the 
differential So,, : go — > go, which is just 

Lie(Cj(M)(So)) = fo- 

Exercise. If G is a topological group, denote by the identity component 
of G. Show that (Cj(M)(So))e, (Ci(M),(So))e, Stab/(M),(o), Ci(M)e{So) all have the same Lie 
algebra fo and that {CnM){So))e = {C!(M)Mo))e c Stab7(M),(o) c Ci(m),{So)- 
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Orthogonal symmetric Lie algebras 

Definition 3. 

(1) A pair (Qo, s) consisting of a Lie algebra and order 2 Lie algebra automorphism 
s : So ~> So is called a symmetric Lie algebra. 

(2) A symmetric Lie algebra is called effective iflg = Cg„(s), the set of fixed points of 
s, contains no nonzero ideal of%. 

(3) An orthogonal symmetric Lie algebra is a symmetric Lie algebra (go, s) such that 
fo is a compactly embedded subalgebra of Qo, meaning that the Lie subgroup of 
Int(go) generated by adg„ fo is compact. 

If (go, s) is a symmetric Lie algebra, then we can decompose go = fo ® Po into 
the +1 and -1 eigenspaces for the automorphism s. The eigenspaces satisfy the 
famiUar properties: 

(2) [fo, fo] C fo, [fo, Po] C Po, [Po, Po] C fo. 

The following criterion explains the use of the term effective: 

Lemma 1. A symmetric Lie algebra {%, s) is effective if and only if ad : % ~^ sKPo) is 
injective. 

Proof. If ad : fo ^ gl(Po) were not injective, then its kernel i would be an ideal 
of fo- But then i would also be an ideal of go, since if X = Xt + Xp e go and Y e i, then 
[X, Y] = [Xt + Xp, Y] e i because [Xp, Y] = since i commutes with Po and [Xt, Y] e i 
since i is an ideal of fo. 

Conversely, if there were an ideal i of go, i c fo, then [i, Po] c t (being an ideal) 
and [t, Po] c Po (by I©). Hence [i, Po] c i n Po = 0. Thus i c ker[ad : fo -> gl(Po)]. □ 

Remark. Helgason defines an effective symmetric Lie algebra as a Lie algebra 
such that fo n Z(go) = 0. This is a weaker condition equivalent to the adjoint 
representation of fo on all of go being effective. Our definition is from Kobayashi 
and Nomizu. 



The following criterion explains the use of the term orthogonal: 

Lemma 2. A symmetric Lie algebra is orthogonal if and only if there exists a positive 
definite bilinear form on Qo that is invariant under ad(fo). 

Proof. For one direction, take any positive definite bilinear form on go and 

average it over the (compact) Lie subgroup of Int(go) generated by adg„(fo). Con- 
ad 

versely, if Q is a fo-invariant positive-definite form on go, then fo — > so(go, Q) c 
inl(go) is a compact embedding. □ 
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Remark. A symmetric Lie algebra is orthogonal if and only if f is a compact Lie 
algebra that leaves invariant a positive definite form on Po. 

1. Structure of orthogonal symmetric Lie algebras 

Henceforth, all orthogonal symmetric Lie algebras are assumed to be effective. 

Lemma 3. Let (go, s) be an orthogonal symmetric Lie algebra. Then Qo is semisimple 
if and only z/Cc,„(Po) = 0. 

Proof. If (go, s) is semisimple, then Cc,,(Po) is invariant under s, and therefore 
splits as the direct sum 

Cg„(Po) = (Cc,„(Po) n fo) ® (Cg„(Po) fl Po). 

However, Cg„(Po) n Po is an abelian ideal of go, and must therefore be zero by 
semisimplicity. On the other hand, Cg,(Po) n = ker ad(to)|p„ = by effectiveness. 

Conversely, assume that Cg„(Po) ~ 0. Let r = kerBg, be the radical of go. Then 
since Bg„ is s-invariant, r = (r n to) ® (r n Po). Note that Bi,Jt„xt„ is the Killing form 
of the adjoint representation ad(fo) c so(go, Q), which is negative definiteQ Thus 
r n to = which implies that r c Po. But then [r, Po] c r n fo = 0, so r c Cg„(Po) = 0, 
and it follows that go is semisimple. □ 

Definition 4. Let (go, s) be an orthogonal symmetric Lie algebra. An extension of 
(go, s) is an orthogonal symmetric Lie algebra (go, s) such that 

(1) Qo c go is a subalgebra. 

(2) S]g„ = S 

(3) Po = Po 

An orthogonal symmetric Lie algebra is maximal if it has no proper extensions. 

Lemma 4. Let {%, s) be orthogonal symmetric. If% is semisimple, then it is maximal. 
Furthermore, in that case fo = [Po, Po]- 

Proof. Let (Qo,s) be an extension of (go, s). Note that the Killing criterion 
implies that go is semisimple as well. Let € = [Po, Po] ® Po- This is an ideal in go, go 
which is semisimple and s-invariant. Hence, since i is semisimple. 

Now, Q,„(^) c Cq„(Po) = 0. Also, by effectiveness, C^„(Po) n fo = ker ad(!o)|p„ = 0. 
Hence, Crji) c Cg__(Po) c Po c (. So Cjji) = as well. ' □ 

Theorem 9. Let (go, s) be an orthogonal symmetric Lie algebra. Then there is a direct 
sum decomposition 

(go,s) = (t)/,S/)®(t)i,Si)®---®(I),,S,) 

such that Q)f,Sf) is flat and (t)/,s,) is irreducible. The decomposition is unique up to 
ordering. 

Proof. The forms Q, Bgjp„xp„ are both ad(fo)-invariant, so there exists A : Po ^ 
Po, symmetric with respect to Q, such that B(x, y) = Q{Ax, y). So A is orthogonally 
diagonalizable over R. Let 0, Ai, . . . , An be the eigenvalues and Vq, Vi, . . . , V,, be 
the corresponding eigenspaces, which are orthogonal with respect to Q (as well as 
B), and are ad(fo)-invariant. 



A Lie algebra is compact if and only if its Killing form is negative definite. 
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We claim that [V/, Vj] = for all i + j, and [Vq, Vq]. Indeed, if x e V, and 
y e Vj, then B{[x, y], [x, y]) = B{x, [y, [x, y]]) = since x e Vi and [y, [x, y]] e Vj. 
Thus [x, y] e Vo n f,, = 0. 

Now A commutes with ad(fo)/ and so each Vi (i + 0) decomposes into a sum of 
simple to -modules, so that 

Vi ® ■ ■ • ® V„ = Pi ® ■ ■ ■ ® Pt. 

Now Po = ® Pi ® ■ ■ ■ ® Pf and [p„ py] = for / + j. Let t); = [p;, p,] ® p,. This is an 
ideal in go, since it is a fo-module that stable under brackets with each of the the Pj. 
Because B^- - Bg, |i,,xi), is non-degenerate, t), is a semisimple ideal. Hence there is a 
complete reduction 

00 = Cg„(l))®(t)l®---®t),) 

where we have denoted t) = t)i ® ••■ ® t)f. Each factor (I),-, s|(,j) is a symmetric 
orthogonal Lie algebra. Let 1)^^ - Cg,(I))- This is an s-invariant ideal and so 

i)f = Cg„(l)) = (QJl)) n to) ® (Cg„(l)) n Po) = (Cg„(l)) H ® V „ . 

Hence 

fo = (Q„(l)) n fo) ® [pi, pi] ® ■ ■ • ® [Pf, Pf]. 
Moreover, the action of f,, on p, factors through ad([p„ p,]): 

io ^ sKpO 




[Vi, Vi] 



So if p, were reducible as a [p,, p,]-module, then it would also be reducible as a 
fo -module. However it is simple by construction, and therefore each (I),, s,) is an 
irreducible symmetric orthogonal Lie algebra. □ 

Theorem 10. Let (go,s) be an irreducible orthogonal symmetric Lie algebra. Then 
B = cQ with 

• c = 0:flat 

• c > 0: Qo is noncompact and semisimple. In this case tg is a maximal compact 
subalgebra. 

• c < 0: Qo is compact and s is an order 2 automorphism. 

Remark. In the c < case, if go is not simple, go = 9/ where g, < go are 
simple ideals. The involution s must interchange them, say s(gi) - Q2- In particular 
91 - 92- So (gi ® 92, s) is an orthogonal symmetric Lie algebra, and therefore by 
irreducibility, go = gi ® 92- Thus, up to isomorphism, 

Qo — I'o ® To 

where Xg is a compact simple Lie lagebra and s is the flip map s(x ® y) = y ® x. 

Notation. Henceforth we fix the following notation, go will denote a real Lie 
algebra. 9 = (9o)i£ is the complexification of 9o. Finally, g"^ is 9 regarded as a real 
Lie algebra. 
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1.1. Real forms. The real Lie algebra g,, is called a real form of the complex Lie 
algebra g. Associated to any complex semisimple Lie algebra g there are precisely 
two real forms up to isomorphism. To describe these, let t C g be a maximal toral 
subalgebra. Let to be the real abelian Lie algebra such that to ® C = t. Let O c t* be 
a set of roots for g, so that each a e O is an eigenvalue for the action of t on g and 
there is an eigenspace decomposition 

Then each g^, is one-dimensional, each spanned by a single element x„. Let h„, 
a e O, be elements that are dual to a under the Killing form of g. The Xa can be 
chosen so that [Xa,x_n] = ha and [Xrt,x^] = JV,v,^x„+^ whenever a + p e O where 
Na,i} e R satisfy N„^teta = N-„-p. 

Divide the roots into positive and negative roots O = O""" U O" (relative to some 
generic hyperplane in f). Letfo = ^^e-P* ]R(Xa+x_a) and Po = to®0^gg,^ ]R(x„-x_a). 
The Lie algebra 

go = to ® iVo 

is a compact real form of g. Indeed, its Killing form is the restriction to go of the 
Killing form on g. But, since [Xn.,x_a] - ha, B{x„,X-a) - 1, so 

B{i{Xa + X-a), i{Xa + X-a)) < 

^^^^^ ^ ^ ^ I ^ ti')) — ^ 

B{iha,iha)<0. 

Hence B|g,xii„ is negative-definite. 
The Lie algebra 

go = to ® Po 

is the noncompact real form of go. Note that fo is the maximal compact subalgebra 
of go since the restriction of the Killing form to to is negative semidefinite and the 
restriction to Po is positive definite. 

The fimctor go i-^ go interchanges the compact and non-compact forms of a 
given real orthogonal symmetric Lie algebra go. The Lie algebrs go and go are said 
to be dual to each other. 

2. Rough classification of orthogonal symmetric Lie algebras 

The initial classification of orthogonal symmetric Lie algebras is as follows: 
Type I go is compact and simple 

Type II (go, go, s) where s is the flip and go is compact and simple. 
Type III go is simple, non-compact, and tg is a maximal compact subalgebra. 
Type IV go - g"^ is the imderlying real Lie algebra of a complex simple Lie algebra, 
g . gR _^ gR jg complex conjugation. 

Of these, types I and 11 are compact and types III and IV are noncompact. The 
duality functor go ^ Qo interchanges types I and III and types II and IV. For types 
I and II, Q = -B^Jp^xp.; for types 111 and IV, Q = Bgjp„xp„. 
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3. Cartan involutions 

Definition 5. Let Qo be a real Lie algebra. An order 1 automorphism 6 : Qo Qo is 
said to be a Cartan involution ifB0{X, Y) = -Bg^(X, 6T) is positive definite. 

Remark. 

(1) Let be a Cartan involution. Then Bg^ is 0-invariant: 

Bb„(0X 0Y) = tr(ad dX ad BY) = Bg„(X, Y) 

since 6 is an automorphism of Qo- 

(2) Let g be complex semisimple and Ug a compact real form. Then the 
complex conjugattion map 

g = llo ® ZUo A Uo ® fUo 

is a Cartan involution. Indeed, if X, Y e Ug, then 
Bt(X + iX X + /Y) = -2BgK(X + iX X - iY) = -2 Re Bg(X + iY, X - iY) 
= -2 Re (Bg(X, X) + Bb(Y, Y)) > 0. 

Lemma 5. Let Qg be a real semisimple Lie algebra, 6 a Cartan involution and z an 
involution. Then there exists an interior automorphism (p e Int(go) such that (pd(p~^ and 
T commute. 

Proof. The group Int(go) is generated by the exponential of the adjoint repre- 
sentation: 

Int(g„) = (e^-i^ | X e g„) = Aut(g„), 

since go is semisimple. Let co - tO so that co~^ = thetax. Since this is a Lie algebra 
automorphism, Bg^ is w-invariant. As a result, co is symmetric with respect to Bg: 
indeed, 

Be{coX,Y) = -B{coX,eY) = -B{X,co-^eY) = -B(X,(0t)0Y) 
= -B{X,dcoY)^Bg{X,a)Y). 

Since Bg is positive definite, co is diagonalizable over IR. Let p = co^. This is 
diagonalizable over IR with positive eigenvalues A. Hence p'' are diagonalizable 
with positive eigenvalues A' . Moreover, by the spectral mapping theorem, 

p''co = cop'' 

for all r e ]R. Also, since p6 = t6t = dp~^, the action of 6 sends the eigenspace Va 
to Vi/A for each eigenvalue A of p. Hence we have for all r that 

p'e = dp-'. 

Set (p = Then 

cpecp-h = p'l^ep-^i^T = p'l^dT = p'l^co-^ 

= p-^^^pco = p-l/^o; = (op-^l^ 

= Tdp-'l^ = Tp'^^dp-'l' = T<pd(p-\ 

So (pd(p~^ commutes with t. Moreover, r i-> p'' is a 1-parameter subgroup of Aut(go), 
so is connected to the identity in Aut(go), and therefore cp e Int(go). □ 

Proposition 9. Let Qo be a real semisimple noncompact Lie algebra. Then Qo has a 
Cartan involution. 
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Proof. Let Qo c g"^, and let Ug be a compact real form of g. Let t be conjugation 
with respect to go and let 6 be conjugation with respect to Uo. Then is a Cartan 
involution. So there exists (jj e Int(g''^) - Int(g) such that (p6(p~^ commutes with t. 
As a result, (pd(p~^ preserves the set of fixed points of t, and so 

1 



: So -> go 

is a Lie algebra involution. Furthermore, (p{Uo) c g is a compact form and 

cpecp-' : g^ ^ g^ 

is conjugation with respect to (p{Uo). So (pd(p~^ is a Cartan involution of g"^, and so 
B^g^-i is positive definite. □ 

Any two Cartan involutions are conjugate by an interior automorphism: 

Proposition 10. Let Qq be a real semisimple non-compact Lie algebra and let di, 62 
be Cartan involutions. Then there exists (p e Int(go) such that 

Proof. There exists e Int(go) such that cpdicp'^ commutes with 62- In partic- 
ular, (pdi(p~^ and 62 are simultaneously diagonalizable. We are done if we show 
that each eigenvector of one is an eigenvector of the other with respect to the same 
eigenvalue. Suppose by contradiction that there is X e g^,, X ?t 0, such that 

(pdi(p-^{X) = X, 02(X) = -X. 

Then 

< B^,0^<,,-i(X,X) = -B{X,cpeicp-\X)) = -B(X,X) 
< Bg,{X,X) = -B(X,02X) = B(X,X), 

a contradiction. Hence (p6i(p~^ and 62 have the same eigenspaces, and therefore 

(pdicp-'^ = 62. □ 

Corollary 5. Let qbea complex semisimple Lie algebra. Then any two compact real 
forms o/g are conjugate with respect to Int(g). Any Cartan involution o/q is conjugation 
with respect to some compact real form. 

Let go be a noncompact real semisimple Lie algebra and 6 a Cartan involution 
on go. Under the adjoint map, go is a subalgebra of gl(«) for some n: 

Qo ^ ad(go) c gl(go). 

Relative to the form Bg on go, define the transpose of an endomorphism of go by 

Bg{A^x, y) = Bg{x,Ay), for all x,y e Qo- 
Notice that ad(X)^ = ad(-0X): indeed, 

Be{ad{Xfx,y) = Bg{x,ad{X)y) = -Bj,„(x,0ad(X)i/) 

= -B,,„(x,ad(0X)0y) = Ba„(ad(0X)x, 0y) 
= -Bg{adieX)x,y). 

Thus ad(go) c gl(go) is invariant under the transpose. Moreover, the form Bg is 
Be(X,y) = -trg„(adX,ad(0Y)) = tra„(adXad(y)'). 
To summarize: 



4. FLAT SUBSPACES 
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Remark: We can confine attention to linear Lie algebras go c gl(n, R) that are 
closed under the transpose. The form (X, Y) tr(XY') is positive-definite on go. 

4. Flat subspaces 

4.1. Regular elements. Let g be a complex Lie algebra, tt : g ^ gl(y) a repre- 
sentation of g. For xeg, let Vo{x) = ker n(x)°° be the maximal subspace on which 
7t(x) is nilpotent (the generalized eigenspace for the eigenvalue 0). The dimension 
of Vo{x) can be read off the characteristic polynomial of n{x): 

det(A - 7t(x)) = ^-^-Yj '^'"M^ 

i 

where the a> are some pol5momial functions on Qo depending only on n. Then 
dim Vo{x) is the minimum ; such that fly(x) i= 0. Define 

{g{V) = mrndimVoW- 

Call an element xeg n-regular if dim Vo{x) = ^g(^)- This is the complement of an 
algebraic set in g. In particular, it is a dense open set. 

Definition 6. An element x e g /s called regular if it is ad-regular. The set of regular 
elements o/g is denoted g'. It is a Zariski open subset o/g. 

4.2. Cartan subalgebras. Let g be a complex reductive Lie algebra. A subal- 
gebra t) C g is a Cartan subalgebra if it satisfies any of the following equivalent 
conditions 

(1) I) is a nilpotent Lie algebra such that Ng(I)) = I). 

(2) I) - Cg(x) where x e g' is a regular element. 

If g is also semisimple, then these are equivalent to 

(3) I) is a maximal abelian subalgebra, and ad(H) is diagonalizable for all H eij. 

The conjugacy theorem, which we shall not prove (see Humphreys, Introduction 
to Lie algebras and representation theory) is 

Theorem 11. Any two Cartan subalgebras are conjugate with respect to Int(g). 

4.3. Flat subspaces. Let (go, s) be an orthogonal symmetric Lie algebra. A 
flat subspace is a maximal abelian subalgebra of Po- The terminology is justified 
by the following situation. Let (G, K, a) be a Riemannian symmetric space with 
Lie(G) = go, Lie(X) = tg, and a,^ = Sg. The exponential map defines a local 
diffeomorphism Exp^ : Po G/K. This local mapping sends every flat subspace 
of Po to a maximal totally geodesic submanifold on which the curvature tensor 
vanishes. 

Lemma 6. Let % be aflat subspace. Then ag acts semisimply on Qo- 

Proof. By the decomposition Theorem |9l it is enough to consider the case 
where go - [Po, Po] ® Po- By duality, we can take go to be compact. But then adx is 
semisimple with imaginary eigenvalues for any x e go. □ 

The following theorem characterizes flat subspaces: 

Theorem 12. Let go be a reductive orthogonal symmetric Lie algebra. Then % c Po 
is aflat subspace if and only if ag = Cp„(x)/or some regular element x e Po n g^. 
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For this reason, flat subspaces are often known in the literature as Cartan 
subalgebras of Po0 They are also known as maximal flat subspaces, but we shall 
not be interested in any flat subspaces that are not maximal. 

Proof. The proof requires the following additional notation. If f) c g,, is a 
subalgebra, define the nil radical of I) by 

ra„(t)) = {xeg|(adl)rx = 0}. 

Note that in the special case where ad I) acts semisimply, ra„(t)) = Cc,„(l)). 

Let tto be a flat subspace. Let t)o be a Cartan subalgebra of Cg„(ao). We claim 
that I)o is a Cartan subalgebra of go as well. Indeed, since adg^ ag acts semisimply. 

Hence 

MJt)o) = Ng„(t)o) n CM - NQ,„(a.)(l)o) = ^0 

by hjrpothesis. Hence t)o is a Cartan subalgebra of go. 

Now, since ag acts semisimply on go, there is an adg^^ Oo -regular element x e ao. 
So I) c Cg^(ao) = Cg„(x). But the inclusion C^{x) c t) must also hold, and so the two 
are equal. Thus x e g^. 

Conversely, if Oo = Cp„ (x) for x a regular element, then Oo is maximal abelian, 

for 

Cc,„(x) = Cf„(x) ® Cp„(x) = Ct„(x) ® Oo 

Q,„(Oo) = Cf„(ao)®Cp„(ao). 

But these are both equal for a Cartan subalgebra, and so Oq = Cp,(ao), and ao is 
maximal abelian. □ 

Any two flat subspaces are conjugate via an automorphism from K. More 
precisely. 

Proposition 11. Let g be orthogonal symmetric and ai,a2flat subspaces. Let K c 
GL(po) be the connected Lie subgroup with Lie algebra K = ^e'"*^ | X e fo^ Then there 
exists acp e K such that 02 = (p{ai)- 

Proof. Write ai - Cp„(Xi) and a2 = Cp„(X2) with Xi,X2 e Po n g',. Define a 
mapping K ^ IR by 

/ch^Ba„(Xi,Ad(/c)X2). 

Since K is compact, this has an extremum at some k e K. Fix such a k, and then 
consider for a fixed Y e fo, 

c/)(f) = Bg„(Xi,e^^'i^Ad(/c)X2). 

Then (p'{0) = 0, so 

= B,JXi,[y,Ad(fc)X2]) = -Bg„(y,[Xi,Ad(fc)X2]) 

by invariance. Since this holds for all Y e tg, non-degeneracy of Bi,Jt„xt„ implies 
that[Xi,Ad(fc)Xi] = 0. So 

ai = Cp„(Xi) = Cp„(Ad(fc)X2) = Ad{k)a2. 

□ 



'Cf. Borel, Semisimple groups and Riemannian symmetric spaces, 1998, §11.2. 
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Corollary 6. Let Oo c Po be aflat subspace. Then 

Po = [J Ad{k)ao. 

keK 

5. Symmetric spaces from orthogonal symmetric Lie algebras 

Let (So/So) be an orthogonal symmetric Lie algebra. Write 

Qo = io® Po- 

Let G be a connected Lie group with Lie(G) - Qo- Assume for now that 

(1) There exists an involution s : G ^ G such that s,,e = Sg. Let K < Ghe such 
that Lie(K) = f,,; i.e., Gs,e < K < Gs = {g \ s{g) = g]. Note that because Gs,e 
is compact, it is closed in G. 

(2) K<G is closed. 

(Assumption (1) holds for instance when G is simply connected; assumption (2) 
always holds, see below.) 

It follows that G/K is a manifold. Let o = eKhe the coset of the identity in 

G/K. Under the submersion G G/K, Po ^ T{G/K)o. The form Q on Po is an ad;,^- 
invariant bilinear form. This induces corresponding form on T{G/K)o. Extend this 
to a G-invariant Riemannian form on G/K. In this way G/K becomes a Riemannian 
manifold. 

Since G acts by isometrics on G/K, there is a Lie group morphism 7z : G — > 
I{G/K), <p{g){xK) = gxK. Moreover, restricting to K, we have 

n:K^ I{G/K\, = (c/) e I{G/K) \ cf){o) = o], 

the stabilizer of o. The involution s : G ^ G is compatible with the quotient in the 
sense that we may define s : G/K — > G/K by s{gK) = s{g)K: this is well-defined 
since K is fixed by s. Thus the diagram 

G ^G/K 



■G/K 



commutes: sn{g) = n{s{g)). 

Now let g e G be fixed. Let t(^) : G/K 
We have 



G/K be the right translation by G. 



TgKG/K- 
ToG/K - 



^s(g)KG/ K 



^ T.G/K 

Hence s, is an isometry, and so s e l{G/K)o. The geodesic symmetry at gK is 
given by Sg^ = T{g) o s o T{g~^). Hence G/K is a Riemannian globally symmetric 
space. 

Write Lie(/(G/X)) = gio and Lie(J(G/X)o) = fo- The involution s on G/K defines 
an involution on 1{G/K) by conjugation: c(s)(^ = s(ps~^ for (p e I{G/K). Then 
{go, c(s), o) is an orthogonal symmetric Lie algebra. Decompose it as 



So = fo ® Po. 
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Then there is a natural isomorphism of G modules of Po with p,,, since both of them 
are isomorphic to TgG/K. Because of the map G I{G/K) there is a mapping of 
Lie algebras go — > go, which may or may not be surjective0 

5.1. Transvections and the exponential map. The transvections of G/K are of 
the form s^^ o s. This is the transvection along the geodesic from o to g^K passing 
through gK. Let exp : Po ^ G be the Lie algebra exponential. Since for any g ^ G, 
we have SgK = T(g)sT(^~^), the isometry T(exp X)sT(exp(-X))s is the transvection 
sending o to exp(2X). Now, exp :po— >G— >G/Kisa local diffeomorphism onto a 
neighborhood of o, so the geodesies through o are all of the form 1 1— > exp{tX)K for 
some X e Po- As a result, the Lie algebra exponential and Riemannian exponential 
coincide, modulo the identification of ToG/K with Po: exp = Exp. Note that since 
G/K is complete, Exp : ToG/K — > G/K is surjective onto the connected component 
of 0, and so exp : Po — > G G/X is as well. 

In particular, as a result ee have G = Kexp{Po) - exp(Po)-K - Xexp(Po)-K. In 
terms of this decomposition, we must have 

s(A:exp(X)) =A:exp(-X). 

5.2. K is closed. In these next paragraphs, we dispense with assumptions (1) 
and (2) above. First, we deal with assumption (2), that K was assumed to be closed. 

Let Oo C Po be a flat subspace. Then Po - \Ji^^f^Ad{k)ao. This holds in particular 
for K = Gs,e. Take K^ < Gs,e < K < G.,. We argue that \K/Ke\ < oo, so that K is 
closed (i.e., the assumption (2) above is always satisfied.) Indeed, let x e K < 
G = exp(Po)Xe so that it is possible to write xKg = expZX^ for some Z e Po. The 
involution s is the identity on K and coincides with inversion on exp Po, so that 
since exp Z e KCi exp Po, it follows that exp(Z)^ - e. 

Write Z = Ad{k)W for some k e K,, and W e Oo. Then 

xK, = exp{Z)Ke = kexp{W)Ke = exp(W) (exp(-W)fcexp(W))K,. 

It follows that exp(W)^ = e as well, and so exp(W) e K. Since W e Po already, 
exp(W) e Kn exp Po. To summarize then 

\K/K,\<\{geexpaa\g^ = e}\. 

On the other hand, exp ag is a closed subgroup of G, since cl exp ag is a connected 
abelian subgroup (a torus) whose Lie algebra must be equal to % (by maximality). 
But the set of elements of order two in a connected abelian Lie group is finite. Thus 
\K/Ke\ < oo, proving that K is closed. 

5.3. Structure of Riemannian symmetric spaces. Suppose that we have a 
Riemannian symmetric pair (G, s). Then Lie(/(G/^C)) - Qo and Lie(I(G/]<C)o) - to and 
there is a map 

So go 

such that the restriction to Po is an isomorphism with Po. If (go,s) is semisimple 
and irreducible, then fo is simple and so go go- But if go is semisimple, then it is 
maximal, and so in that case go = go- 



For example, if G = R" and K = |e|, then I(G/K) is the Euclidean group, and the mapping is not 
surjective. 
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Assumption (1) above holds when G is simply-connected. In that case, we 
claim that G/Gs,e is simply-connected as well. Indeed, if y is a loop in G/Gs,e 
based at o, then we can lift it to a curve f in G from e to some point x e Gs,e- 
Since Gs,e is connected, there is a path p lying entirely inside Gs,e connecting x 
back to e. The compositum y U p is a loop in G. Since G is simply connected, 
this loop is contractible, and so its image y under G G/G, [> is also contractible. 
Consequently, G/Gs,e is a simply connected Riemannian globally symmetric space. 

Theorem 13. Let M be a simply-connected Riemannian globally symmetric space. 
Then there is a unique decomposition (up to ordering) 

M = Mf X Ml X ■ ■ ■ X Mt 

with Mf flat and Mi simply-connected irreducible globally Riemannian symmetric with a 
semisimple group of isometrics. The sectional curvatur^of Mi is positive ifMj is compact, 
negative if Mi is non-compact. 

Proof. Let go - Lie(/(M)). Conjugation by a defines the involution on go in 
terms of which it becomes an orthogonal symmetric Lie algebra. There is the 
decomposition 

(go. So) = (t)/,S/)® (t)i,Si)® ■■•® (l)f,Sf). 

Associate to each (I),, s, ) its simply connected globally Riemannian symmetric space 
M,. Then M is locally isometric to Mj x Mi x ■ ■ ■ x Mf, and therefore is globally 
isometric, since they are both simply-connected globally Riemannian symmetric 
spaces. □ 

Exercise. If M is a semisimple irreducible Riemannian symmetric space, show 
that every affine diffeomorphism is an isometry I(M) - Aff(M). 
Remarks: 

(1) Let (go. So) be an orthogonal symmetric Lie algebra and G a connected Lie 
group Lie(G) = go. Suppose that there exists an involution s : G ^ G 
lifting Sg) i.e., such that s, (> = Sg. If K is an open subgroup of G,, then 

gJk = G/K G/K 

is a local isometry of Riemannian globally symmetric spaces, and G/K 
decomposes in the same way as G/K, except the factors are replaced by 
the appropriate non-simply connected quotient factors. 
If there is no lift to s : G — > G, but there is a closed subgroup K cz G with 
Lie(K) = ffl, then G/K and G/Gs^ are locally isometric and G/K becomes 
a locally isometric space. In that case, it only decomposes locally in a 
neighborhood of each point. 

Suppose that M is a Riemannian manifold and M ^ M is the universal 
cover. The group of covering transformations F is the subgroup of /(M) 
that cover the identity diffeomorphism of M. This is a discrete group that 
acts freely and properly discontinuously on M, so there is a canonical 
identification M = M/Y. Suppose now that M,M are globally symmetric, 

^Given by K{X,Y) = ^B([X, Y], [X, Y]) where c is the constant of proportionality relating the 
invariant form on Po to the Killing form on go: B(X, Y) = cQ(X, Y). 
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with symmetries s,s. (It follows by rigidity that 7105=3071.) Let y e T 
and m e M. Then 

7t(s(}'.;m) = s{n{y, m)) = s{n{m)) 
= n{s{m)) 

so s{y.m) and s(m) are in the same fiber. Because covering transformations 
act transitively on the fiber, there exists a y„-i e T such that sys.m = ym-th. 
This establishes a continuous map rh y,n'- 

But r is discrete, so this map is constant: y,j, does not depend on m. 
Thus r is normalized by the group generated by all local symmetries. If 
M is semisimple, then I{M)e < {group generated by local symmetries}, so 
I{M)c' normalizes T. For each y e T, the conjugation map 

j(M), ^ r 

is a continuous map from a connected space to a discrete space, and must 
therefore be constant. Hence T must be central: T < Cj^^^{I{M)e). 

Conversely, if F < Cj^j^^{I{M)e) is discrete, then it acts freely and prop- 
erly discontinuously, and M/F is a Riemannian globally symmetric space. 

6. Cartan immersion 

Lemma 7. Let (Qo, So) be an orthogonal symmetric Lie algebra. Let G be a connected 
Lie group with Lie(G) = g,, and let s : G ^ G be an involution such that s,^g = Sg, and let 
K be an open subgroup o/Gg. Then exp % is closed in G. Ifag is aflat subspace ofpo, then 
exp Oo is closed in G as well. 

Proof. Let g,, be a Cauchy sequence in exp Pg, say g„ - exp X„, such that 
gn g^i^ G. Then ||X„|| = d{o,g„ ■ 0). Since ||X„|| is bounded, it has a subsequence 
that converges in Po to an element X. By continuity of the exponential, g - exp X. 
For the second assertion, exp % is a connected closed abelian subroup of exp Po. So 
its Lie algebra Oj is abelian and satisfies % c aj c Po. But by maximality, ao - aj, 
and hence exp - exp as required. □ 

Under the same hypotheses as the Lemma, the mapping G X G — > G, (x, ^) 1-^ 
X ■ g :- xgs{x)~^ is a continuous group action. Let 

p = G-e = {xs(x)"i I X e G}. 

Since any x e G can be written x = exp(X)fc for some X e Po and k e K, relative to 
this decomposition we have s(x) = exp(-X)A; and in particular xs(x)~^ = exp(2X). 
Thus 

P = {exp(2X) I X e Po} = exp Po 

But since this is also an image of the map x 1— > xs(x)~^, it is a closed subset of G. Let 
Gs be the set of fixed points of s. Then 

G/Gs A P = exppo 
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is a diffeomorphism. Note that G/Gs is the symmetric space and P is a closed 
submanifold of G. The inclusion of the symmetric space into G in this manner is 
called the Cartan immersion. 

The geodesies are of the form 1 1— > exp(2fX) for X e Po. If Qo is a flat subspace 
of Po, then exp ag is a closed submanifold of P. It is flat, since the bracket, which 
defines the curvature, vanishes on It is totally geodesic since the transvection 
from a point Ai = exp(fli) to A2 - exp(fl2) is the one parameter group exp(f(fl2 - fli)) 
which remains tangent to exp Oo for all f . 



CHAPTER 4 



Examples 

1. Flat examples 

1.1. ]R" with the standard Euclidean metric 2^, dx' (g) dx'. The geodesies are 
straight lines. The symmetry at the point is sg (x) = -x. The geodesic transvections 
are the translations, and since these commute with each other, the symmetric space 
is flat. 

1.2. ]R+ X ]R+ with the metric ^ + p-. The geodesies are t h-> and so 

the symmetry at the point (1, 1) is S(i,i)(x, y) = ^j. The geodesic transvections 

are {x, y) i— > (e'", ye^''). The symmetric space is flat, since the geodesic transvections 
commute. Note that this is symmetric space is isometric to via x i— > log x and 
yf-> logy. 

1.3. C* with the metric The geodesies are the logarithmic spirals 

The symmetry at the point z = 1 is Si(z) = i. The geodesic transvections are 
z I— > These commute, and therefore the space is flat. Note that C(= IR^) is 

the universal cover of this symmetric space via z i— > e^. 

1.4. with the metric dd^. The isometry group is i(S^) = 0(2) with identity 
component l{S^)e - S0(2) = !J(1) = (the circle group). The geodesic inversion 
at the point z = 1 is z i-^ -z. In terms of the group SO(2), this is aj : A A~^. On 
the Lie algbra, 

50(2) ^ 50(2) 

A 1-^ -A. 

1.5. T^. The flat torus = x is a symmetric space. Regard as the 
quotient space M^/Z^. The automorphisms of fixing the point o lift to isometrics 
of ]R^ that fix the origin and stabilize the lattice Z^. Thus such automorphisms lie 
within SL(2, Z) n 0(2) = {+ id}. Hence the symmetry at o is ao{x) = -x, and likewise 
the symmetry through any other point is Oi/{x) = y - x. The connected group of 
automorphisms of the torus consists entirely of transvections, so as a symmetric 
space we have Qo = Po is the two-dimensional abelian Lie algebra. 

2. Spheres 

2.1. with the induced metric from IR''. Let o e be the north pole (0, 0, 1). 
The involution at o is the rotation through an angle of n about the axis through o, 
since this reverses the direction of all geodesies through o. This is the reflection in 
the o-axis, given in terms of the Euclidean dot product by x i— > 2{x ■ o)o - x. The 
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isometry group of the sphere is /(S^) = 0(3), with identity component SO(3), and 
the stabilizer of o is a subgroup isomorphic to SO(2). The Lie algebra of SO(3) is 

go = 50(3) = ||_^, I A e so(2), ^ e IR^ 

The isotropy algebra of o is 

Hence, the involution in the Lie algebra is 



o)^U' 



The -1 eigenspace is therefore 

To describe the involution at the group level, it is convenient to work in the 
spin group SU{2). This is the group of 2 X 2 complex matrices satisfying A* A = I; 
or equivalently the group of vmit quaternions Sp(l) (see below). The Lie algebra g 
of SU(2) is the space of trace-free antihermitian matrices. Then SU{2) acts on g by 
the adjoint representation 

Ad(x) : H xvx*, x e SU(2), v e q. 

The Killing form on g induces the Euclidean norm ||c|| = Vdetu, in terms of 
which g is identified with the standard three-dimensional Euclidean space R^. 
Since Ad(S!J(2)) is a connected 3-dimensional Lie group preserving the Euclidean 
metric on g, Ad(SU(2)) = SO(3). Thus Ad : S!J(2) ^ SO(3) is a cover of SO(3). 

The involution of SU{2) is defined by complex conjugation of matrices Oo ■ 
X h-> X. The fixed points in SU{2) are the real matrices of SO(2) c SU{2). However, 
Ad{ax)y = Ad{x)y for all y e g if and only if ax = +x. Thus, either x e SO(2) or x is 
of the form 

(iu iv\ ^ 7 7-, 

X = \ . . , u,v eK, u +v =1. 

\lV -lU 

So the set SO(3)i,„ of elements of SO(3) fixed by the involution Og has two connected 
components. 

Note the familiar fact that = CP^ carries a complex structure (and is a 
Kahler manifold). This can be seen in a variety of ways from the symmetric space 
structure: 

• It is easy to show that if a manifold of dimension 2n has restricted holo- 
nomy in U{n), then it is Kahler, and in particular is a complex manifold 
(see Kobayashi & Nomizu, Vol. 2)Q In this case, the holonomy algebra is 
[Po, Po] c fo and the isotropy group is SO(2) = U{1), so is Kahler. 

• Define 



/o = Pl jjeSO(2) = K 



^ As a result, any orientable surface can be given a complex structure that makes it Kahler 
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This is a complex structure in the tangent space at o, meaning that ]„=- id, 
and Jo is metric-preserving (being a member of K). Use transvections to 
transport the complex structure / to every other point of S^. Since K is 
abelian, Jo commutes with K, and so / is invariant under SU{2). With 
this complex structure, the metric on is Kahler, and so becomes a 
complex manifold. 

• SO(2) C SU{2) is a maximal torus, and any two maximal tori are conju- 
gate. Therefore SU{2)/SO{2) = SU{2)/U{1) by an inner automorphism of 
SU{2). But in the latter homogeneous space, SLr(2) acts on by unitary 
transformations and U{1) is the stabilizer of a complex line. But SU{2) is 
transitive on the set of complex lines (one-dimensional subspaces), and 
so SU{2)/U{1) is identified with the space of complex lines CP^. 
The significant point here in the second item above is that the complex structure 
lies in the center of K (see Chapter For irreducible symmetric spaces, the 
center is one-dimensional, and the complex structure is effectively unique (the 
only ambiguity is in replacing / by -/). We note also that the involution on 5ii(2) 
can be written instead as conjugation by /(,: 

ao{x) = JoXJo^. 

This is also a general feature of the Hermitian symmetric spaces, that the symmetry 
is conjugation by the complex structure, that is a fortiori an inner automorphism. 

2.2. with the induced metric. The unit sphere c naturally carries a 
group structure induced by its realization as the group of unit quaternions Sp(l). 
Let H denote the quaternions. This carries a real Euclidean inner product (p, q) = 
j:e{pq). The set of unit quaternions are the solutions of the equation pp = 1. This is 
a group, since {pq){pq) = pqqp = liip,q e Sp{l). The group Sp(l) x Sp(l) acts on H 
via 

pip, q)x = pxq. 

Observe that p : Sp{l) X Sp{l) — > SO(4). Both groups are compact connected and 
have the same dimension, and ker p = {(1, 1), (-1, -1)}. So p is a double cover. 

The involution on Sp(l) X Sp(l) is Oo : (p, q) i— > {q,p)- The group of fixed points 
for the involution is Ko = A(Sp(l)), the diagonal subgroup. This descends under 
the quotient to the involution So(p) = p - p~^ on itself. There is a natural 
section of the quotient map Sp(l) X Sp(l) — > (Sp(l) X Sp(l))/A(Sp(l)) = given by 
T : p ^-> (p,p~-^). Note t o So = Oo o t. 

2.3. with the induced metric. The group SO(5) is covered by the symplectic 
group 

Sp(2) = {A e GL(2, H) | A' A = 1} 

where * is the quaternionic conjugate-transpose. This is the compact real form of 
the symplectic group Sp(4, C). With respect to the natural action on HT^, the orbit of 
the vector (1 0)^ under the action of Sp(2) is the unit sphere S^, and the stabilizer of 
(1 0)^ is SU{2) = S^. So topologically, Sp(2) is an bundle over S^, and therefore 
is simply connected by the long exact homotopy sequence. 
The Lie algebra is 

5P(2) = |K jJ|x,yeimH,zeH 
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The adjoint representation of Sp(2) on sp(2) leaves invariant the positive-definite 
quadratic form Q(X) = tr(X*X). Thus Sp(2) SO{5). This mapping is a double 
cover as well, with kernel ±1 e Sp(2). 

The involution is conjugation by the matrix S = | ^j. Note that this is not 

an inner involution. 

Digression: The Grassmannian ofLagmngian 1-planes in C*. Note that one family 
of involutions on Sp(2) are given by the quaternionic conjugation maps CTo(^) = uxu 
where u is a fixed imaginary unit quaternion. Any involution of this form gives a 
complex structure on the quotient. 

For definiteness, there is no loss of generality in taking u = j. Multiplication 
by j induces a complex structure on H^; so we shall identify with relative to 
this complex structure. The isotropy group Sp(2)j, is the subgroup 

U{2) = ^\a,pe mi + l|S|' = l} ■ 

With a choice of complex structure j, sp(2) can be identified with the Lie algebra 
of 4 X 4 complex matrices 

5p(2) = ||_^ n) ' ^' ^ ^ 912(C), U antihermitian, V symmetric 

where the bar denotes ordinary complex conjugation. This is the algebra of anti- 
hermitian matrices on that preserve the complex symplectic form 

CO - ei A e^ + e2 A £4. 

A 2-plane P in C* is called Lagrangian if a)\p - 0. The group Sp(2) acts tran- 
sitively on the Lagrangian 2-planes in C*, and U{2) is the isotropy group of a 
particular 2-plane. Thus the symmetric space Sp(2)/!J(2) is identified with the set 
of Lagrangian 2-planes through the origin in C*. This is an algebraic sub variety of 
the Grassmannian Gr2(C*), and naturally has a Kahler structure. 

2.4. S". Exercise: discuss S" as a symmetric space. 



3. Projective spaces 

3.1. IRP". LetT : S" S" be the antipodal map t(i:) = -x. Note that t is a fixed 
point free isometry so the quotient IRP" := S"/t carries (imiquely) the structure of 
a Riemannian manifold in such a way that t becomes a local isometry. This is the 
real projective space, and it is identified as a point set with the space of lines in ]R"^^ 
passing through the origin, since the line through the origin and a point x e 
passes through x/||x|| e S" and t(x/||x||) e S" and conversely the line through the 
origin is uniquely determined by the two antipodal points that it passes through 
on the sphere. 

Since it is the quotient of a symmetric space by a discrete group, KF" is a 
locally symmetric space. But in fact, it is easy to see that it is symmetric as well. 
Consider the symmetry Oo : S" S" on the n-sphere about the north pole. This 
was given by 

ao{x) = 2(0 ■ x)o - X. 
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Since Oo o t = t o Oo, Oo descends to an isometry of the quotient space MP". The 
group SO{n + 1) acts transitively on RF" by isometrics. The stabilizer of the point 
is 0{n). (Note the difference with the sphere.) 

Of particular interest with MP" is that it has a nontrivial antipodal set. This is 
the set of fixed points of Oo- On S", the fixed points of cr,, are o and -o. But the 
fixed points of Oo of IRP" correspond to points on S" that are either fixed or sent 
to their negatives. But Oo{x) - -x if and only if o ■ x - 0, which is the equation 
of the equatorial sphere S"~^ c S". Thus the antipodal set of Og : IRP" PP" is 
RP"-i = S"-Vt c S"/t = PP". 

In any symmetric space of rank one (like PP"), the antipodal set consists of all 
points a maximum distance from o. If the isotropy group acts transitively on the 
unit sphere of the tangent space at o, then it acts transitively on the antipodal set. 
The antipodal set is the cut locus for the exponential map at o, and its complement 
is a geodesic ball. This fact is significant because it gives a cell decomposition of PP" : 
topologically, PP" is the result of attaching an n-cell (the n-ball) to PP"~^ . 

As a result of the cell decomposition, it is possible to compute the cohomology 
of PP". Let U = B„{a ball) and let V be a thickening of the antipodal set PP""^ 
so that PP"~^ is a deformation retract of V. Then S"~^ is a deformation retract of 
U nV. The Mayer- Vietoris sequence i^ 



H^-\S"-^) H''(PP") ^ H'?(PP"-i) ® H(P") ^ H'?(S"-i). 



Now 



I P q = 0,n-l 
1 otherwise. 



[P q = n 

1 otherwise. 



So we determine inductively that 



H''(PP",P) = 



q = 
< q <n 
q = n odd 
q = n even 



The homology has more structure over Z2. Here the homology algebra is the 
truncated polynomial algebra over Z2 generated by a single characteristic class 
b e Hi(PP",Z2) subject to the single relation = 0. 



All cohomology groups are real. 

different way to compute the cohomology is via the de Rham isomorphism. Let (ClS"y be 
the ring of T-invariant differential forms on S". The exterior derivative commutes with t and with the 
puUback along S" RP",andsothereisanisomorphismof cochaincomplexes((DS")'^,d) = (QRP",(i). 
Atthe level of cohomology H*((QS")^d) = H'(RF"). The inclusion of (DS")^ c QS" induces is a natural 
map on cohomology H' {{CIS")'' , d) —> H'{S",d). This is injective since an invariant form a> e {CIS")' is 
exact if and only if a) = da for some form a, but in that case o) = \d(a + z'a) is the exterior derivative 
of an invariant form. Thus the cohomology of RP" must be a subspace of the cohomology of S" in 
each degree. Moreover, t : S" ^ S" is orientation preserving if and only if n is odd, so the top degree 
cohomology class (represented by a volume form) is invariant if and only if n is odd. 
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The general feature to observe here is that the antipodal set of a compact 
symmetric space M of rank one is also a sjonmetric space, and M arises by attaching 
a cell to its antipodal set. (This is the analog of the Schubert decomposition of a 
generalized flag manifold.) In principle, this allows the cohomology of M to be 
computed combinatorially. 

3.2. CP". Let CP" be the space of complex lines through the origin in C""^^. 
Introduce coordinates (Zp, Zj, . . . , Z„) on C"^^. Introduce an equivalence relation 
on C"+i \ {0} via (Zq, Zj, . . . , Z„) ~ {Z'^, Z[,..., Z'„) if there is A e C, A 0, such that 
Z'. - AZi for each i. Then 

CP" = C"^^ \ {0}/ ~ . 

Denote by Z i-^ [Z] the quotient map C"^^ \ {0} ^ CP". 

In fact, CP" is a complex manifold. A set of holomorphic coordinate charts 
is furnished by the open sets LI, = {[Z] e CP" | Z, ?t 0}. In each of these, we can 
choose a scale so that Z, = 1, and use the remaining Zj, j + i, as coordinate on (J,. 
For instance, in LTq, let Zi = Zi/Zq, . • . , z„ = Z„/Zo. These define n complex-valued 
coordinate functions on LZo- It is easily seen that the transition functions on the 
overlaps are holomorphic, and therefore this atlas gives CP" the structure of a 
complex manifold. 

Concretely, we can relate CP" to the sphere S^"^^ by means of the Hopffibration. 
On C""^^, introduce the Hermitian norm 

||Z|p = |Zo|2 + |Zi|2 + ... + |Z„|2. 

The locus ||Z|| = 1 is the sphere S^""""^. A scaling argument shows that each complex 
line must intersect S^""""^. In fact, any complex line intersects S^"^^ in a circle, since 
if Z is on S2"+\ then AZ is also on S^''^^ if (and only if) |A| = 1. Identifying LZ(1) 
with the group of A e C such that |A| - 1, Z i— > AZ defines a group action of 17(1) on 
S^""""^, and the above argument shows that (as a point set, at least) CP" - S^""*"^ /JJ(1). 
Since JJ(1), a compact Lie group, acts effectively, this quotient carries the structure 
of a differentiable manifold. Furthermore, U(l) acts by isometrics on S^""*"^, and so 
the metric on S^""^^ descends to a metric on CP", the Fubini-Study metric. 

The Fubini-Study metric is Kahler. In the homogeneous coordinates Z,, the 
Kahler form of the metric is Q = iddlog l|Z|p. This 2-form is independent of the 
choice of holomorphic section of the bundle C""^^ \ {0} CP", and it is easy to 
verify that it is closed (from the decomposition d = d + d. The Kahler metric itself 
istheng(X,Y) = co(X,iY). 

At the group level, CP" is a homogeneous space for the group U{n + 1) con- 
sisting of the isometrics of C""""^ that preserve the complex structure. This acts 
transitively on the unit sphere S^"^^. If x e U{n + 1) fixes a point o e S^"^^, then x 
also stabilizes the orthogonal complement of x, and so the stabilizer of a point is 
U(n). Consequently, the stabilizer of a point is U(l) x U{n) c U(n + 1). Thu^ 

Cp« = ^^"^ + 1) = SU{n + l) 

U{l)xU{n) S{U(l)xU{n)y 



The isotropy representation of S(U(1) x U(ti)) at the base point o is the usual action of U(n) on 
the tangent space, so this is sometimes written CP" = SU(n + 1)/U(n), although this is something of an 
abuse of notation. 
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Take the base point o to be the coset of the north pole [10 ■ ■ ■ 0]' e S^"^^. Let L 
be the complex line through o. Define a linear operator S : C""""^ — > C""""^ such that 

S|l = id, SIl^ = - id . 

That is, 

S(Zo, Zi, . . . , Z„) = (Zq, -Zi, . . . , -Z„). 
Because it is linear. Si factors through the quotient to CP" to define the involution 
So : CP" -> CP". The subgroup S(!J(1) x U{n)) c SU{n + 1) is the subset of 
(« + 1) X (« + 1) special unitary matrices that are fixed by conjugation by the element 

n ■•■ 0^ 
0-1 ■■■ 
5^0 -1 ■■■ 

,0 ■■■ -1) 

Note that, as we saw with the special case of = CP^, this is an inner auto- 
morphism of SU{n + 1). A complex structure that gives rise to the same inner 
automorphism is ]o = diag(z, -i,.. 

A point of CP" is fixed by Sg if and only if 

(Zo, Zi, . . . , Z„) = (AZo, -AZi, . . . , -AZ„) 

which can ony happen if A = 1 and Zi = Z2 = ■ ■ ■ = Z„ = 0, or A = -1 and Zq = 0. 
The first case corresponds to the base point itself, while the second case is the 
antipodal set. The antipodal set is a cell that is isomorphic to CP"~^. 

As in the real case, knowing the antipodal set allows us to compute the coho- 
mology of the complex projective space. The Mayer- Vietoris sequence is 

Hi-\S^"-^) H''(CP") H''(CP""^) ® H(C") H''(S2"-i). 

Inductively, we find 



H''(CP") = 



(P for^j = 0,2,...,2n 
1 otherwise. 



A more detailed analysis shows that the cohomology ring of CP" is the trimcated 
polynomial algebra generated by a sing le Chern class ci e H^CF", Z) subject to 
only one relation = 0. 

3.3. HP". Let HP" be the space of quaternionic lines through the origin in 
H""*"^ This is the quotient of H""*"^ \ {0} by the equivalence relation Z ~ AZ whenever 
Z = (Zq, ...,Z„) e H""*"^ \ {0} and A is a nonzero quaternion. The unit sphere 
g4n+3 (- f^n+i jg t]-,g ggt of points such that Z-Z = 1, where • is the usual dot product 
and the bar denotes the quaternion conjugation. A quaternionic line in H""*"^ must 
intersect the unit sphere. In fact, if Z e S^"'^^, then AZ is also in S^"'^^ if and only 
if |A| - 1. Indentifying Sp(l) with the group of unit quaternions, this argument 
shows that (as a point set) HP" = S'*""'"^/Sp(l). Since Sp(l) is a compact Lie group 
acting effectively, HP" carries the structure of a differentiable manifold. 

At the group level, let Sp{n + 1) denote the set of (n + 1) x (n + 1) quaternionic 
matrices preserving the quaternion Hermitian form X ■ Y = XqYq + ■ ■ ■ + X„Yn- 
This acts transitively on the unit sphere in H""""^. The stabilizer of the line through 
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[1 cdots 0]' is Sp{l)Sp{n). Indeed, take the base point o to be the coset of the north 
pole [10 ■ ■ • 0]' e S*""""^. Let L be the quaternionic line through o. Define a linear 
operator S : H"+i ^ H''^^ such that 

S|l - id, S\l^ = - id . 

That is, 

S(Zo, Zi, . . . , Z„) - (Zo, -Zi, . . . , -Z„). 

Because it is linear, Sl factors through the quotient to HP" to define the involution 
So : HP" ^ HP". The subgroup Sp(l)Sp(«) c Sp(« + 1) is the subset of (n + l)x(fi + l) 
quaternionic unitary matrices that are fixed by conjugation by the element 

(1 ■•■ 0^ 
0-1 ■■• 
5^0 -1 ... 

,0 ■■• -1 

This is an inner automorphism of Sp{n + 1). However, unlike the case of SU{n + 1), 
it cannot be written as a conjugation by a complex structure. The group Sp{l)Sp{n) 
has trivial center, and so there is no compatible complex structure on HP". (Note 
that the complex structure we wrote down for SU{n + 1) is not in the center of 
Spin + 1).) 

The space HP" carries what is known instead as a quaternion-Kahler structure. 
This is a triple of local almost-complex structures /, /, K satisfying the quaternion 
relations 1} = K,JK - I,KI - J, compatible with g such that the subbundle spanned 
by I, J, K is invariant under parellism. This is in contrast to so-called hyper-Kahler 
structures, in which there exist local almost complex structures /, /, K satisfying the 
quaternion relations compatible with the metric that are each individually parallel. 
Compact hyper-Kahler manifolds are very difficult to construct; see Joyce, Compact 
manifolds with special holonomy. In particular, there are no compact symmetric 
spaces of this kind. 

We can work out the homology groups of HP" in the same way that we did 
with the other projective spaces. It turns out that 



H''(HP") 



Q<k<n, k = (mod 4) 
otherwise. 



In fact, the cohomology ring is generated by a Chern class C2 e H'*(HP",Z) with 
the single relation Cj^^ - 0. 

3.4. OP^ = Fi/ Spin(9) (the Cayley plane). See Baez H. For a synthetic con- 
struction, see Besse ||2J. 

4. Negatively curved spaces 

4.1. The hyperbolic plane. Let = {x + iy e C \ y > 0] he the upper half- 
plane, with the metric defined by 

, , dx^ + dy^ dzdz 
(3) ds^ = ^ - 



y2 Im(z)2- 
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One can show easily that the group 

SL(2,]R) = ^^\ad-bc = 1, a,b,c,de ]r| 

when acting by fractional linear transformations 

az + b 

^2 = 1 

CZ + a 

preserves the upper half-plane; that is, for any T e SL{2, R), Im(rz) > if Im(z) > 0. 
Conversely, if T e SL(2, C) stabilizes the upper half -plane, then T e SL(2, R). Any 
element T e SL(2, R) can be written as a composition of operations: 

• Translation: zi-^z + a, aeR 

• Dilation: z i-» te, b > 

• Inversion: z i— > — 1/z 

These each act by isometries on the metric (|3j. Moreover, the inversion is an 
involution with fixed point i, and SL(2, R) acts transitively on H^. Thus is a 
symmetric space, with base point o = i, and symmetry at i given by So - -1/z. The 
isotropy group of o is X = SO(2) c SL(2, R). Thus 

= SL(2,R)/SO(2). 

The isometry group is 

Z(H2) = PSL(2,R)kZ2, 
where Z2 acts by reflection in the imaginary axis. In particular, 

I{H\ = PSL{2,-R). 

We can work out the geodesies (and their lengths) in as follows. The curve 
of shortest length between two points iyo, iyi on the imaginary axis is the straight 
line connecting them, since -\jdx^ + dy^ > y~^dy with equality if and only if 
dx = 0. The length of this curve is calculated as 

jyo y yo 

Now, the group PSL{2, R) is conformal, preserves the real axis, and sends circles 
to circles. It follows that the geodesies are circles perpendicular to the real axis. 
The length is somewhat awkward to compute in these coordinates (it is simpler in 
the disc model). 

At the Lie algebra level, Sg = |^ , and 5l(2, R) decomposes via 

50(2)=t„ Vc 

The Cartan embedding is 

^ P = exp Po = {positive definite symmetric imimodular matrices} . 



50 



4. EXAMPLES 



Explicitly, this is the embedding 

(y + x^ly xly 



xly 1/y 



B i . A B 

d^d'^\b D 

There is also the Cayley transform 

z - i 



Z + I 

that maps to D, the imit disc. This becomes an isometry when D is equipped 
with the hyperbolic metric 

2 dzdz 

" 4(1-|Z|2)2- 

The inverse Cayley transform is 

.w + 1 



w 1-^ -i- 



w - I 

The hyperbolic plane is particularly important in arithmetic. The arithmetic 
subgroup SL(2,Z) c SL(2, R) acts properly discontinuously onH^. The quotient 

SL(2,Z)\H2 

is a locally symmetric space. The geometrical significance of this quotient is as 
follows. Let L c C be a (unimodular) lattice. Then C/L is an elliptic curve. Modulo 
rotation, any unimodular lattice is equivalent to a lattice of the form = + Zt 
where t e H^, and so any elliptic curve can be written 

Any two unimodular lattices are conjugate under SL(2, R), and SL(2, Z) is the 
stabilizer of L, . Thus the moduU space of isomorphism classes of elliptic curves is 

SL(2,Z)\h2 ^E, = C/Lt 

4.2. Hyperbolic space. Define the quadratic form Q on ]R"+^ by 

Q{x) = -xl + x\ + --- + x^^i 

and let B(x, y) be the nondegenerate bilinear form induced by polarization. Let 
= (1, 0, . . . , 0). Hyperbolic n-space is defined to be the locus 

H" = {xe R"+2 I Q(^) ^ < 0}. 

This is a connected component of the hyperboloid of two sheets Q{x) = -1. The 
quadratic form -B induces a Riemannian metric on H". Indeed, the normal vector 
to H" in R""^^ is timelike (Q(n) < 0), so by Sylvester's law of inertia Q|„± is a 
positive-definite form. 

Theorem 14. The group SO{Q)e acts transitively on H". 
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To prove transitivity of the full group 0(Q), let p,q be two points on H", 
and let W be the 2-plane through the origin containing p, q. Then Q\w defines a 
nonsingular quatradic form on W, and the locus Q\w - -1 is clearly an orbit of the 
one-dimensional Lorentz group 

^ ^ / cosh t sinh t 
Isinhf cosht 

Thus transitivity follows by Witt's theorem: 

Theorem 15 (Witt's theorem). Let Vbea vector space over afield and Q a nondegen- 
erate quadratic form on V. Let W c V bea linear subspace. Then a function f : W ^ V 
can be extended to an isometry f -.V ^ V if and only ifQf{w) = Q{w)for all w e W. 

The group SO{Q)e = SO{n, 1)^. The stabilizer of the point o is SO{n). Hence 

H" = SO{n,l)elSO{n). 

The metric onH" can be described concretely as follows. Let S = (-1, 0, 0, . . . , 0) 
be the "south pole". Let ps : H" {0} x ]R" c ]R" be the stereographic projection 
with respect to S. This is given by 

This is a diffeomorphism of H" onto the ball {.£ e K" | \E,^ < 1}, and the induced 
metric is 

This is the Poincare ball model for hyperbolic space. The geodesies are circles 
perpendicular to the boundary of the ball. 

Related is the Klein model, which is the stereographic projection of H" onto TH" 
with respect to the origin in R""""^ . Since the geodesies on H" are the intersections 
of H" with 2-planes through the origin of R""'"^ the geodesies go over to straight 
lines in the Klein model. 

4.3. Siegel space. Let B c ]R" be an open subset. The tube over B, Tg, is the 
subset of C" given by 

TB = {z = x + iyeC"\ye B]. 
When B is an open convex cone in M", Tg is a natural domain for the Hardy space 
of several variables. A special case of this is when B C R"^" is the convex cone of 
positive-definite matrices. Then Tb §,i is called the Siegel space, and plays an 
important role in the study of abelian varieties and modular forms: the quotient of 
the Siegel space by an arithmetic subgroup of the symplectic group is the moduli 
space of polarized abelian varieties. 

We can identify §„ with the space of (positive definite) Kahler structures on 
R^" compatible with a given symplectic structure. Thus as a homogeneous space, 
§„ is the symmetric space Sp{n,M)/U{n). 
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Noncompact symmetric spaces 

We return to the general study of noncompact symmetric spaces. We shall here 
(without loss of generality) confine attention to closed subgroups G < GL{n, R) 
that are closed under the transpose. In particular, with this simplification, we can 
identify the Lie algebra of G with a subalgebra of gl(n, R): 

go = {X e gl(n, R) | exp fX e G for all t e R}. 

This is of course also closed under the transpose. Here the exponential is just the 
usual matrix exponential. 

To study such groups, it is necessary to imderstand first the case when G = 
GL(m, R) itself and K = 0{n). As a point-set the resulting symmetric space G/K 
is already well understood from linear algebra. Indeed, the polar factorization of a 
nonsrngular real matrix A asserts that there is a imique symmetric matrix X and 
orthogonal matrix k such that A - ke^. To understand G/K (or equivalently, to 
understand the symmetric space SL(«, R)/SO(«, rQ, we shall establish that the 
polar decomposition is a diffeomorphism. Let Symm(«, R) denote the space of 
n X n real symmetric matrices and denote by O : 0(«) X Symm(n, R) the polar 
factorization 0{k, X) = k exp X. 

The following Lemma is a topological constraint on the kinds of 1-parameter 
subgroups that can arise 

Lemma 8 (Chevalley's lemma). Let f be be a polynomial function onnxn matrices 
and suppose that X is a real nxn symmetric matrix. If f {exp mX) = Ofor infinitely many 
integers m, then /(exp tX) = Ofor all t. 

Proof. We may assume that X is diagonal and that / is a polynomial in the 
diagonal entries d, . Then 

fiexptX) = f{e''*\...,e"^"). 
For large t, /(e"*i , . . . , e"*" ) unless / (e^"*' , . . . , e'*' ) = for all t. a 

Proposition 12. O : 0{n) X Symm(M, R) GL{n, R) is a diffeomorphism. 

Proof. We first show (1) that O is regular, then (2) that it is surjective, and 
finally (3) that it is injective. 



A somewhat detailed account of this symmetric space can be found in Jiirgen Jost, Riemannian 
geometry and geometric analysis, 5th ed., §5.5. 
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(1) For regularity, consider exp : Symm(n, R) GL(n, R). We compute the 
differential of exp at X e Symm(n, R): 



rfexp^y=| 



exp(X + tY) 

t=Q 

L— (X"-iy + x"-2yx + ■ ■ ■ + XYX"-^ + yx"-1) 

11=0 

°° 1 



dt 



n=0 

where Lx (resp. Rx) denotes the multiplication on the left (resp. right) by X. 
^ 1 L" - R" 

n=0 

1 1 _ g-adX 

— (LexpX - Re.px){Y) = (Y). 



Now let k e 0{n), X,Z e Symm(M,R), Y e o(n) (skew-symmetric 
matrices). Then 

d 



dcD(tx)(yZ) = - 



fcexp(ty) exp(X + tZ) 

f=0 

= k{Y exp X + d exp^ Z). 



Ifrf(Sfc,x(XZ) = 0,then 

y exp X + li exp^ Z = 0. 

Now dexp-^Z is symmetric, and therefore YexpX is also symmetric. 
Hence, because X is symmetric and Y is skew, Yexp(X) = -exp(X)Y 
Hence exp(X)Yexp(-X) = -Y, so if Y were nonzero, then it would be an 
eigenvector of Adexp(X) with eigenvalue -1. But suppose that X has 
eigenvalues ai, . . .,a„. Then ad X has eigenvalues fl, - fly, and Ad exp X = 
exp adX has eigenvalues e"'~"i. But, for real a,, we have e"'~"i + -1. Hence 
Y= 0. 

Thus we have d exp^ Z = 0. Using the above calculation, 
iexp, Z=Y^ ad'^-i(X)Z + ad''-i(X)Z = 0. 

k odd k even 



symmetric skew-symmetric 

Since the first term above is the symmetric part of d exp^ and the second 
is the skew part, each one must individually vanish. In particular. 
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SO Z is an eigenvector for 
of squares 



OO 



M ad-''(X) 
:=0 {2k+l)[ 



J with eigenvalue 0. But this is a sum 



id+-ad2(X) + --- 



1 



which has no nontrivial eigenvectors with eigenvalue 0. Hence Z = as 
well. This shows that O is regular. 

(2) For surjectivity, let g e GL{n, IR). Since g'g is symmetric, positive-definite, 
g'g = exp(2X) for some X e Symm(n, R). Then k = gexp{-X) satisfies 
k'k = exp(-X)g'gexp(-X) = e, so fc e 0(n) and g = 0(fc,X). 

(3) For injectivity, suppose that g = /cjexpXi = A:iexpX2. Then g^g - 
exp2Xi = exp2X2. It is therefore sufficient to show that [Xi,X2] - 0, for 
then e = exp 2Xi exp 2X2 = exp(2(Xi - X2)) which implies that Xi = X2. 

By raising to a power, exp(2mXi) commutes with exp(2X2) for all 
integers m. But this is a polynomial relation in the entries of exp(2mXi). 
Hence by Chevalley's lemma, exp(tXi) commutes with exp(2X2) for every 
real t. Differentiating the one parameter group exp(tXi) then implies that 
Xi commutes with exp(2X2). So Xi commutes with exp(2mX2) for every 
integer m, and so again by Chevalley's lemma, Xi commutes with the 
one-parameter group exp(tX2), and so [Xi,X2] - 0. 



Proposition 13. Let Gc c GL(C, «) be a linear algebraic group and let Gk = 
Gc n GL(]R, n) be a closed subgroup that is closed under the transpose. Let Gg = (Gjr)^, Kg = 
Go n 0{n), Po = So n Symm(n, R). Then 



is a diffeomorphism. 

Proof. Since O is the restriction of a regular injective mapping on GL(]R, «) 
to a submanifold, O is regular and injective, so it is enough to prove surjectivity. 
Let g e Go be given. Then g'g e Gr can be written g'g = exp(2X) for some 
X e Symm(n,]R). Also exp(2mX) e Gc for all integers m. Since the algebraic group 
Gc is the locus of a set of polynomial equations, Chevalley's lemma implies that 
the one-parameter group exp(tX) e Gc. Differentiating at t - gives X e gc as 
well. Thus X e Symm(n,]R) n gc = Po. 

Since X e Po, expX e Gr, and so k := gexp(-X) e 0{n) n Gr = Kg. We have 
g = k exp X = 0{k, X) for k e Kg and X e Po, as required. □ 

Proposition 14. Let Go and Kg be as above. Let p : G ^ Gobe a covering map and 
let K - p~^{Ko). Then X x Po G, 0(A:,X) = fcexpX, is a difeomorphism. 

Proof. (1) Note that expg covers exp^ : 



□ 



Kg X Po — > Go 

(fc,X) i-> fcexpX 



Po 



G 



p 



G, 



Po 



'0 
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Hence O covers the diffeomorphism $0 : i<^o x Po — > Go: 
Kxvo -^-^ G 

pxid p 
Ko X Po ^ G 

The bottom arrow Oq is a diffeomorphism, and the vertical arrows 
are covering maps. Since regularity is local, O is regular because the 
corresponding result is true of Oq. 

(2) For injectivity, suppose that ki expg Xi = ^2 e^p^ X2. Then 

pih) expg Xi = p{k2) expg X2 

by injectivity of Oq, it follows that Xi - X2. But therefore we must also 
have ki = k2. 

(3) For surjectivity, let g & G. Then there exists kg e Kg and X e Po such that 

p(g) = ka expg^ X. 
As a result gexpg(-X) e X, say ^exp(-(-X) = k. Then 
g = /cexpcX = X), 

as required. 

□ 

Theorem 16 (Cartan decomposition). Let {Qo,So) be a symmetric orthogonal non- 
compact semisimple Lie algebra, and let Ghe a connected Lie group with Lie G = Qo- Let 
K = Ad"^(Int(go) n 0(n)). Then 

tp 

X X Po -> G 
(fc,X) i-> fcexpX 

zs a dijfeomorphism. 

Proof. Without loss of generality, we can identify go with its image imder the 

adjoint map ad : Qo — * gl(go)- Moreover, we can assume without loss of generality 
that go is closed under the transpose, and SoX = -X^ With these identifications, 
Int(go) is identified with a subgroup of Aut(go). Now 

Int(go) = {e'''^ | X e go) 

and {e^'^^y = e^'^^' = g-^dsoX i]-it(go) is closed under transpose. Furthermore 
Int(go) = Aut(go)e and go = Lie(G) = Lie(Intgo). Thus 

G ^ Int(go) 

is a covering Lie group morphism. Hence, the groups 

G^ K 

< 

Ad 

Go = Int So Ko = Int go n 0(m) 

satisfies the hypotheses of the previous proposition. Thus X x Po ^ G is a diffeo- 
moprhism. □ 
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Corollary 7. Let {G,K) be as above. Then K is connected and G/K is simply 
connected. 

Indeed, G/K is diffeomorphic to Po, and so X is a deformation retract of G. 

Proposition 15. Let (G.K) be as above and let {G,K) cover the pair (G, X) with G 
simply-connected. Then Z(G) < K. 

Proof. Because G is simply-connected, there exists a Lie group morphism 
s : G ^ G such that s, ^ = Sg. Since s is an automorphism, s(Z(G)) = Z(G). Suppose 
that kexpX = g & Z(G) where k e K and X e p,,. Then, since = id^ and 
s\vo = - idp„, 

^s(^) = fcexp(-X)eZ(G). 

Thus s{g)~^g = exp2X e Z(G) = ker Ad. By Chevalley's lemma, exp(fX) e Z(G) for 
all t. Hence X e Z{Qo) n Po = by effectiveness. □ 

Corollary 8. Let (G, K) be as in the theorem. Then there exists a Lie group involution 
s:G^G such that s,^e = s,, and Gs = K. 

Proof. Consider the diagram 



G--^G 

We wish to show that there is a (unique) mapping s for which this is commutative. 
Note that ker ti < G is a discrete normal subgroup, which is therefore central. Thus, 
by the proposition, kerji < Z(G) < K. Since s = id on X, s = id on kerji. Hence 
s : G ^ G factors through a unique a group morphism s : G ^ G. 

Since s,,e = id on to, s\k = id. Thus X c Gg. For the reverse inclusion, if 
g = k exp X e Gs, then s(g) = k exp(-X) = g = k exp X, from which we obtain X = 0, 
and so g = k e K. □ 

Corollary 9. Let {G,K) be as before. Then Z(G) < K. 

Theorem 17. Let M be a Riemannian irreducible noncompact connected globally 
symmetric space. Then M is simply connected. Moreover I{M)c = Intgo, Z(M) = Aut(go). 

Remark. It is interesting to compare this result to the Cartan-Hadamard theo- 
rem which states that a complete Riemannian manifold of nonpositive sectional 
curvature is covered by a vector space. 

Proof. The isometry group I{M) acts transitively on M. Let Og be the geodesic 
symmetry on M, and : Z(M) — > I(M) the conjugation map hy Og: cp 'yo<p'Jo- 
Note that an isometry commutes with Og if and only if it fixes o, so I{M)g = -f (M)s„ . 

The group I(M) is semisimple, noncompact, and 

M = IiM)e/I(M)e,g. 

Hence Z{I{M)e) c I{M)e,g. In fact, this is true for all o e M. But that is only possible 
if Z(Z(M)e) = idivi- Thus I{M)e = Int(go). There is, moreover, a map J(M) Autgo, 
given as follows. Let (p e I{M) and suppose that (p{o) = d. We can write o = exp(X).o 
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for some unique X e Po (since Po is diffeomorphic to M via the map exp(-).o). The 
map (p i-> exp(-X) o cp defines the map I(M) Aut go. This mapping is compatible 
with the Cartan decomposition 

I{M)„ X Po ^ I(M). 

Now 

I{M)o = {f:Qo^Qo\fso= Sof] = Aut(go) n 0(n). 
By applying the Cartan decomposition to Aut(go), there is a diffeomorphism 

(4) (Aut(go) n 0(n)) x Po ^ Aut(go). 

Hence this shows that I{M)o is a maximal compact subgroup of Aut(go) and there- 
fore also a maximal compact subgroup of I{M). Likewise, I(M)o,o is a maximal 
compact subgroup of I{M)e. Together with @, this implies that I{M)e = Intgo, 
I{M) = Aut(go). □ 
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Compact semisimple Lie groups 

1. Introduction 

Recall that Riemannian globally symmetric spaces of type II are pairs (G, sq) 
where G is a connected compact semisimple Lie groups equipped with its imique 
bi-invariant Riemannian metric of imit volume, and Sq is the involution at the 
identity so(g) - g~^. Let Gsc denote the simply connected cover of G. This is also 
compact, and the identity component of the isometry group I(G)e is covered by 
Gsc X Gsc which acts via {g, h) - x = gxh~^. The Cartan involution in Gsc x Gsc is the 
flip map Se{g, h) = Qi, g). The Lie algebra of the isometry group is the same as that 
of Gsc X Gsc, and this is 9o®go- TheflipmapisSc,,(^®i/) = y®x, and the eigenspaces 
are 

fo = A(go) = {{x,x) I X e go}, and Po = {{x, -x)\xe go}. 

A classification of Riemannian symmetric spaces of type II is tantamoxmt to a 
classification of the compact connected semisimple Lie groups. This classification 
is achieved by first knowing the classification of complex semisimple Lie groups. 
Each complex semisimple Lie group has a unique compact real form, which has 
a unique simply connected universal cover (also compact). Finally, any compact 
G is the quotient of Gsc by a discrete subgroup, which is necessarily in the center. 
Therefore, understanding type II symmetric spaces ultimately rests on being able 
to identify the center in a compact simply-connected semisimple Lie group. 

The approach is to study the geometry of maximal tori in G and Gsc. These tori 
give rise in a natural manner to various lattices, and a systematic study of these 
lattices reveals the center of Gsc- The Weyl group acts by conjugation on these tori, 
and this group action lifts to an action of the so-called affine Weyl group on the Lie 
algebra of the torus. 

Many questions can be resolved with a careful study of the f imdamental alcove 
of the affine Weyl group. For instance, any two maximal tori in G are conjugate, and 
any element of G must lie inside some maximal torus, so G = ^t^ecg'^^Tg for any 
maximal torus T. Therefore, any element of G is represented up to conjugacy by a 
unique element of the fundamental alcove. This gives a normal form for elements 
of G when acting by conjugation on itself — compare with the Jordan form of a 
matrix in GL{n, C). 

2. Compact groups 

Let G be a compact connected Lie group. The group G X G acts naturally on G 
via the left action 

{a,b)x = axb~^. 



59 



60 



6. COMPACT SEMISIMPLE LIE GROUPS 



As a global Riemannian symmetric space, there is an isomorphism 

G = Gx G/A(G) 

where A(G) is the diagonal subgroup A(G) = {{x,x) \ x e G]. The involution in this 
symmetric space is the flip mapping 

s:GxG— »GxG, s(x, y) = (y, x). 

Let go = Lie(G). Then Lie(G x G) = go ® go and the differential of s at the identity is 

As usual, decompose Lie(G x G) into the eigenspaces for Sg 
go ® go = A(go) ® {(X, -X) I X e go} . 

The composite go > Po — > G x G > G sends a i-^ (X, -X) i-> 

(exp(X), exp(-X)) i-^ exp(X) exp(-X)"^ = exp(2X). Thus in particular go — ^ G is 
surjective. 

Let to c go be a maximal toral subalgebra. Then 

ao = {(X,-X)|Xeto}cpo 

be a flat subspace. The subgroup 

T = exp to - exp Oo ■ e c G 

is closed. So T < G is an abelian, closed, connected subgroup (a torus). Further- 
more, T is a maximal torus. 

By Corollary[6l Po = U;c6A(G) Ad(fc)ao and so 

go = jAd(g)to 

which, at the Lie group level goes over to 

(5) G = ljgTg-\ 

g€G 

2.1. The center of a compact group. 

Definition 7. Let Kbea compact abelian Lie group. We say thatx e K is a topological 
generator ifK = d{x" \ n e Z). 

Exercise. For example, a topological generator of the standard torus M^/Z^ is 
any point with irrational coordinates. 
Remarks: 

(1) If disconnected, then X has topological generators. Indeed, exp : f — > Kis 
a group homomorphism, since K is abelian, and so ker exp C f is a lattice. 
Any element that is irrational with respect to this lattice is a topological 
generator. 

(2) If K/Kg is cyclic, then K has topological generators. Indeed, suppose that 

K, = cl{k'i I M e Z> 

and let ki e K he such that kiK^ is a generator of K/K^, (a finite cyclic 
group of order m). Choose a e Kg such that a'" = k"'ko e Ke (possible 
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since the exponential map is surjective onto Ke). Let b - a~^ki e K. 
Now b'" = a~"'k'^' = kg. So c\{b" | n e Z) contains Ke. In particular, it 
contains a, and hence also ki = ab, which along with Ke generates K. Thus 
cl<fo" I n e Z> = X. 

Let S c G be a torus, and x e Cg(S). Then K - cl{S,x) is closed abelian 
subgroup of G (and therefore compact). Note that K/Kg is cyclic, being generated 
by xKe. So K has a topological generator ^. Since g & T for some maximal torus T, 
we have 

Cg(S) = J T. 

TdS 
T maximal torus 

Corollary 10. 

(1) Cg(S) = T is connected. 

TdS 
T maximal torus 

(2) Cg{x) is connected for all x e G. 

(3) If T is a maximal torus, then Cg{T) = T. In particular, T is a maximal abelian 
subgroup ofG. 

Proposition 16. Z(G) = Ht maximal torus T- 

Proof. For one inclusion, let z e (G) be given. There exists a maximal torus 
T such that z e T. But for any g e G, z = gzg~^ = gTg~^, and so z e H^eG S'^T^S- 
Since any two maximal tori are conjugate by an element of G, this implies Z(G) c 

maximal torus * 

For the opposite inclusion, let x e Hr maximal torus ^ ^^'^ y ^ G. Then y e T form 
some maximal torus T, and yet also x e T since it is in every maximal torus. Thus 
xy = yx, and so x e Z(G). □ 

3. Weyl's theorem 

In the next section, for a compact connected semisimple group G, we shall 
study the adjoint group Ad G = Gad and the imiversal covering group Gsc- These 
are compact groups, by a theorem of Hermann Weyl 

Theorem 18. Let G be a compact connected semisimple Lie group. Then the funda- 
mental group ofG is finite. 

Proof sketch. QThe fundamental group is the kernel of the universal covering 
map Gsc ~^ G. It is a discrete subgroup of Gsc, which is therefore central, since for 
each fixed y e n\{G), the mapping g ^ g ^ EYS~^ ^ continuous map from 
G — > 7Ti(G), but G is connected and 7Ti(G) is discrete, so this must reduce to the 
constant map. We shall show that 7ii(G) = Hi(G, Z) is pure torsion, and the result 
will follow since the fimdamental group of a compact topological space is finitely- 
generated. For this, it is enough to show that the first cohomology group H^(G, R) 



This proof is loosely based on an idea in Chevalley and Eilenberg, Cohomology theory of Lie 
groups and Lie algebras. Trans. AMS, 63 (1):86-124, 1948. I am grateful to Alexey Solovyev for pointing 
it out. 
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vanishes, since there is a perfect pairing between Hi(G,]R) = Hi(G, Z) ®z K. and 
Hi(G,]R). 

Let a) be a closed differential form on G. Then there is a left G-invariant closed 
differential form in the same de Rham cohomology class as co. Indeed, first note 
that for every g e G, U^co and co lie in the same cohomology class, since g can be 
connected to the identity by a smooth path. Thus co is cohomologous to its average 
over the group with respect to the left Haar measure, which is left invariant. 

Let co' be a basis of left-invariant one-forms on G. The equation of Maurer- 
Cartan is 

dco' - -c'ji^co' A a)*" 

where c'.^, are the structure constants of g relative to the dual basis of co'. A left- 
invariant one-form co = J^i aico' is closed if and only if 



E 



= 0. 



This holds if and only if co{[X, Y]) = for all X, Y e g. That is, «([g, g]) = 0. But g is 
semisimple, and so is equal to its derived subalgebra. Hence co = 0. □ 

The following alternative approach is more in the spirit of representation the- 
ory. See Hodge, The theory and applications of harmonic integrals: 

Exercise. Prove this in the following different way. Fix a bi-invariant metric 
on G, and show that the Hodge Laplacian on 1-forms is the Casimir operator for 
the representation of G on L^(G, g*). Show that a 1-form on G is invariant if and 
only if it is harmonic. Then apply the Hodge theorem and the argument in the last 
paragraph to show that H^(G, IR) = 0. 

4. Weight and root lattices 

Let G be a compact connected semisimple Lie group and T c G a maximal 
torus with Lie algebra itg. The exponential map exp : Hq ^ T is a homomorphism 
of the additive group zto to the multiplicative group T. The kernel is a lattice, 
ker exp = IniLc c Hq, called the unit lattice. The dual lattice to Lq is defined by 

Ag = {a e tg I a{x) e Z for all x e Lq}, 
and is called the weight lattice. 

Let Gsc ^ G be the simply connected cover of G, and let Gad c GL(go) be the 
image of the adjoint representation (also a compact Lie group). Since ker tt is a 
discrete normal subgroup of Gsc, it must be central^ Therefore there are surjective 
maps 

^ 71 _ ad _ 
•-JSC ~* Lr > (jad- 

All of these groups have the same Lie algebra and n and ad commute with the 
exponential maps. Moreover Ti"^(r) and ad(T) are both maximal tori in Gsc and 
Gad, respectively. Hence, relative to these tori, there is an inclusion of the kernels 
of the exponential maps: 



^Indeed, let T = kern. If )' 6 T, then y{g) = g ^yg e T defines a continuous function from the 
connected space G to the discrete space T. It must therefore be constant: y(g) = g~^yg = y for all g. So 
y e Z(G). 
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and dually 

AG,d c Ag c Ag„,. 

The center of G and fundamental group of G can be determined from these various 
lattices: 

Z(G) = Lg/Lg.„=Ag,,/Ag 

7Ii(G) = LgJLg = Ag/Ag,,. 

So, to classify all possible compact groups with a given Lie algebra, it is enough to 
study these lattices. 

Here we fix some notation that will help to relate these lattices to the standard 
ones that arise in representation theory. If O = {«!,...,«,} is any root system in 
a Euclidean space E, then let L(<1') be the lattice generated by O (as a Z-module). 
Let L(O^) denote the lattice generated by the dual root system = {a^, . . . ,a^], 
where e E* is defined by 



(a, a) 

Finally, let L(0) be the dual lattice, defined by 

L(0) = {veE\ v{a) e Z for all a e O}. 

Specialize now to the case where O = O(go,to) c ft* is the root system for the 
adjoint representation of go on to. Then 

Q = ag„„ = im 

P = Ag,, =L(0^) 
= Lg^ = L(O^) 
P^=Lg,„ = L(0). 

The letters P for the weight lattice and Q for the root lattice here are traditional. The 
last equation in particular means that the coroot lattice is generated as follows. 
Let A = {«!, . . . , o-r} be a base of the root system O. The fundamental coweights are 
Al^,...,Al defined by 

Alia,) = 5ij. 
Then P^ is generated by {A;^^, . . . , A^}. 

5. The Weyl group and affine Weyl group 

The normalizer of T in G acts on T by conjugation, and this action lifts to 
the adjoint action on fto which preserves the lattice IniLc- Thus Ad : Ng(T) 
GL(27tzLg). Since the latter group is discrete, the identity component NQ{T)g acts 
trivially of IniLc and therefore also on IniLc ®z K = Hq- Thus NG{T)e c Cg(T). 
Since T was a maximal torus, Cg(T) = T, and so NgCT)? = T. 

The Weyl group of G is defined by 

Wg = NG(r)/r. 

This is a finite group, since it is discrete and G is compact. The Weyl group can also 
be described as a group generated by reflections. For a € to, let Oa be the reflection 
in the hyperplane orthogonal to a. 

Equivalence of this definition with the usual one involving reflections can be 
found in Helgason, Ch. Vll, §2, Corollary 2.13. 
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Proposition 17. Let O = O(go, to) be a set of wots for G. Then Wg is generated by 
the reflections a a for a e O. 

5.1. Affine Weyl group. The affine Weyl group of G is defined bjQ 

Wg = Wg K t(Lg) 

where t(Lg) is the group of translations of Lg on to. The affine Weyl group is 
generated by the reflections ff„,„ in the affine h5^erplane 

H„,„ = {x e to I a{x) = n] 

for a e <1'(Ag), a root system of Ag, and n eZ. Indeed, for each such a 

Oa,n = T{na^) o 0^,0 and T(na^) - Oa,n ° Oa,0- 

The alcoves of the affine Weyl group are the connected components of 



.c\ U 



Each alcove is a fundamental domain for the affine Weyl group, meaning that each 
orbit of Wg either lies on a wall (one of the hyperplanes H„ or contains exactly 
one element of the alcove. There is a unique fundamental alcove of highest weight 
relative to choice of positive roots 0"^(Ag) for Ag: 

Ag = e to I < a{x) < 1 for all a e 0"^(Ag)} 

5.2. Example: SO(3) and SU{2). We consider the examples SO(3) and its sim- 
ply connected cover SU{2), both of which have the same Lie algebra su(2) which is 
generated by the Pauli matrices 



1 



1\ J_/0 i\ J_li 



V2\-l 0/' ^\i Oj' 

A maximal toral subgroup of SU{2) is the group of diagonal matrices 

e"" \ 
e-'^j 

with Lie algebra spanned by the matrix 

i (1 

With this generator, kerexp = 27iz V2Z and so = Lsu{2) = V2Z. The affine 
Weyl group is generated by reflections in the hyperplanes = n/y/l. So the 

fundamental domain for the action of the affine Weyl group is the interval [0, 1 / V2] . 

With the same conventions, since SU{2) is a double cover of SO(3), the lattice 
^-50(3) - ^/V2. The affine Weyl group is generated by reflections in the hyperplanes 
^2V2 H ~ 2^2" fundamental domain is [0, 1/2V2]. 



See Macdonald, Symmetric functions and orthogonal polynomials, AMS University Lecture Series, 
Volume 12, 1998. pp. 39^0. 
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5.3. Example: SO(5) and Sp(2). We consider next the orthogonal group SO(5) 
in 5-dimensions and its simply connected double-cover Sp(2) which is the group 
of 2 X 2 quaternionic matrices A preserving the Hermitian form {x, y) = x{y^ + ^2^2 
on H^. Equivalently, 

Sp(2) = |A e GL(2,H) | A* A = I] 

where * is the quaternionic conjugate-transpose. This is the compact real form of 
the sjonplectic group Sp4(C). With respect to its natural action on H^, the orbit of 
the vector (1 0)^ under the action of Sp(2) is the unit sphere S^, and the stabilizer of 
(1 0)^ is SLr(2) = S^. So topologically, Sp(2) is an bundle over S^, and therefore 
is simply connected by the long exact homotopy sequence. 
The Lie algebra is 

X z\ 1 

I X, V e im H, z e H > . 
-z y/' ^ j 

A maximal toral subalgebra is (using the standard i, j, k generators of H): 
Now on /to, the kernel of the exponential map is ker exp = 2niLsp{2) where 




This is written as the lattice spanned by a single short coroot and long coroot: 

The root system is isomorphic to C2. It is convenient to normalize the Euclidean 
structure so that the short coroot has length V2. Then can be realized as the 
lattice in Euclidean by setting = ( V2, 0) and = (- V2, V2). The reciprocal 
lattice Q = (Q'^y is generated by a = = ( V2,0) and jS = (- V2/2, V2/2). The 
dual of this lattice is which is generated hj A'^„ = { V2/2, V2/2) and Aj^ = (0, ^^2). 
Finally, P is generated hy d - Aa = { V2, ^/2) (the highest root) and Ap = AJ = ds = 

(0, V2) (the highest short root). 

The affine Weyl group for Sp(2) is generated by the affine reflections in the 
roots of P: Oe,n, c>fi,n- The first of these is reflection across the line x + y - n/y/l and 
the second is reflection across the line y - n/^/l. The fundamental alcove is the 
region in the first quadrant bounded by y = x and y = -x + 1/ V2. 

The affine Weyl group for SO(5) is generated by the affine reflections in the 
roots of Q: Oa,ii in the line x = n/y/l and -x + y = n V2, a^,„. The fundamental 
alcove is the region in the first quadrant bounded by y = x and y = 1/2 V2. 

6. Determining the center of G 

Definition 8. Let A = {ai, . . .,an] be a base for the root system O and let 6 e z't* be 
the highest root. A coweight A^. e is called minuscule ifA^.{d) = 1 
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In other words, the minuscule coweights are A)( for those a, whose coefficient in 
the expansion of the heighest root is one. Geometrically, the minuscule coweights 
are the fundamental coweights X^^. that are vertices of the fundamental alcove Wg„, 
since the fundamental alcove is the portion of the Weyl chamber bovmded on one 
side by the single hyperplane Hg^ (since 6 is the highest root). 



Lemma 9. There is a one-to-one correspondence between the nontrivial elements of 
Z(Gsc) and the minuscule coweights. 



Proof. Any coweight exponentiates to an element of the center. Indeed, if 
V e Q^, then a{v) e Z for all roots a e Q. So Ade^"'^' acts as the identity on each 
of the eigenspaces g^. Conversely, in order for Ade^""' to act trivially, a{v) e Z for 
all a e Q. Thus there is a mapping from the set of minuscule coweights into the 
center of Gsc- 

We claim that this is a bijection onto Z(Gsc) \ {e]. A coweight is minuscule 
if and only if it is a coweight that is a vertex of the fundamental alcove. But the 
fundamental alcove contains a representative from each conjugacy class of Gsc, and 
so the mapping is surjective. The mapping is injective since... □ 



6.1. Dynkin diagrams with highest roots. Here are the Dynkin diagrams for 
the simple Lie algebras with their highest root labelled by positive integers under 
the corresponding vertices. 
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6.2. Elements of order 2. From the fundamental alcove, it is possible to iden- 
tify up to conjugacy all of the elements of order two in Gaj. An element of order 
two in Gad is conjugate to some one e^"'" where a is an element of Ac such that 
2o e Lg„j. This can only occur at a vertex of the fimdamental alcove. Therefore: 

Proposition 18. 0Let d = J^ajeA djUj he the highest root. Any element of order 2 in 
Gad is conjugate to one of the for dj = 1 or to e^""^'V for dj = 2. 

7. Symmetric spaces of type II 

Let (Qo ® So/ flip) be an irreducible orthogonal symmetric Lie algebra of type II. 
The G be a simply connected Lie group with Lie algebra Qo- As a homogeneous 
space G = G X G/A(G). Let M be a connected Riemarmian globally symmetric 
space with local Lie algebra (Qo ® Qo, flip)- Then there is a covering map n : G ^ M, 
since G is the simply-connected symmetric space with the given local Lie algebra. 



See Borel, Semisimple groups and Riemannian symmetric spaces, Proposition II.4.4, p. 39. 
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There is also a cover (p : GxG ^ ^(M),, with (p,^^ - id^,^^0g^, and these two covers are 
compatible in the sense that the diagram commutes: 



GxG 
-I(M),- 



■(/)-i(/(M),,o) 



■I(M),,o. 



Now, A(G) is a connected Lie group with the same Lie algebra as (p ^{I{M)e,o), 
whose identity component is simply connected, and therefore A(G) - (p~^{I{M)e,o)e ^ 
(p~^{I{M)e,o) is a normal subgroup, and 



r ■= n-\o) 



A(G) 



carries a group structure. Thus T C G is a subgroup. 
Let y e r. Since n(y) = o, there is a diagram 



= (p{y,e).o ■ 



-{y,e) 

■(p{y,e) 



Let ^ e G be given. Then note that (p{g,g).o = o (since {g,g) e A(G) which 
covers the identity component of I{M)o), so 



gys 



= <P(g,g)'Piy'e)-o- 



— igy>g) = 
■<p{g>g)(piy>(^) 



igrgXy.e) 



Hence gyg ^ e T: so T is a normal subgroup of G. On the other hand, T is 
discrete, so it follows that F c Z(G), since normal discrete subgroups of connected 
Lie groups are central. This proves the following theorem: 

Theorem 19. The connected Riemannian globally symmetric spaces of type II are 
exactly the compact Lie groups. 

8. Relative root systems 

Let (go/So) be a reductive orthogonal symmetric Lie algebra of noncompact 
type. Let 6 be the Cartan involution on g defined by conjugation with respect to 
the compact real form of go. Let % c Po be a flat subspace. Our first goal is to 
discuss a decomposition of go into eigenspaces for ad Oo: 

go = Cg„(ao)® ^ o,o,a 

^a€<I)(g„,a„) 

where <l'(go, 0.0) c a*. The roots here are in fact real, since for all x e Po/ adx is 
self-adjoint with respect to Bg. 



8. RELATIVE ROOT SYSTEMS 



69 



The centralizer Cg„(ao) can be decomposed as lo ® Qo where lo c fo. Let to c !„ be 
a maximal abelian subalgebra of lo that acts semisimply on tg. 

Proposition 19. l)o = to ® Oo c go is a Cartan subalgebra that is stable under Sg. 

Proof. By complexifying, it is enough to show that t) C g is a Cartan subalgebra. 
Since g is reductive, we must verify 

(1) For all H e t), adH is diagonalizable over C. 

(2) t) C g is maximal abelian. 

The first of these follows since to and Oo both act semisimply on go and commute 
with each other. For the second, suppose Z e g = go ® iQo commutes with t)o. 
Writing Z = X + zY where X,Y e go, wew have [X, I)o] = [Y, I)o] = 0. So we can 
assume without loss of generality that Z e Qo- Since [Z, I)o] = 0, [So(Z), t)o] = as 
well. So Z + SoZ e Cg„(to) n to = to. But we also have Z - SoZ e Ci,„(ao) n Po = lo- 
Hence Z e to ® Oo = t)o. □ 

Remark. The subalgebra to is a maximal toral subalgebra when regarded as a 
subalgebra of to- 

The system c£'(go, Oo) is called a relative root system. Decompose g in terms of the 
Cartan subalgebra I): 

( 

g = I) ® ^ g« 

,a6(I)(ii,f)) 



I = t( 



a€<l>(g,I)) 
V a|o„=o / 



The eigenspaces in go are 



gA 

A€<I>(g,I)) 



o(g,D) 



Res|„, 



• cD(go, ao) U {0} 



Remarfe. 

(1) O(go, Oo) is a possibly non-reduced root system. 

(2) The only non-reduced root system BC„: {±E,}i<;<)iU{±E,±Ey},<jU{±2E,}i<,-<„ 

(3) Let Hi e Oo be regular with respect to O(go, Oo) and H2 e z'to regular with 
respect to (a|;t„ 7^ | a e 0(g,l))}. Scale H2 such that |a(Hi)| > \a{H2)\ for 
all a e (I)(g, t)), 9^= 0. Then H = Hi + H2 is regular with respect to 0(g, t)) 
and the sign of a{H) is the signa of a (Hi). 



H-4(S+(g,t,) 



Res|„, 



cD+(go,ao)U{0}. 
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(4) So(go,«) = Qo-a- So we can decompose Qo,a ® Qo-a into its eigenspaces 
under So: to,a ® Vo,a- If H e ag is regular with respect to O(go, Qo), then 
[H, fo,,i] = Po.a- In particular, 

dimgo,„ = dim Qo-a = dimfo,,v = dimpo,^. 

(5) Let He Then 



Ca„(H) = Io®ao 



Qo.a 



V a(H)=0 



which we split at 



£V6<i)(a„,iv) 

V «{H)=0 J 



, Cp„(H) = ao( 



«6<I>(g„,(v) 
V «(H)=0 



So, by the previous remark, 
dimCt„(H) - dimCp„(H) = dimlo - dimOo = dimfo - dimpo. 

(6) As a result of the previous remark, the following are equivalent: 

• dim Ct„ (H) = dim {„ 

• dim Cp^ (H) = dim a,, 

• H is regular with respect to O(go, 

• dimCt„(H) = dimI)o 

• H e g; n ao. 

(7) If an element X = L + La€<i)(g„,a„)(^« ^ were to normalize Qo, 
then note that all = 0. Hence X e !„ = Ct„(ao). This shows that 
Nt;,(ao) = Ct,(ao) = to- In particular, Nx(Oo) and CyXp^oI have the same Lie 
algebra. This suggests the following definition. 

Definition 9. Let Gbe a connected Lie group with Lie(G) = go, and let o : G ^ G 
be an involution such that o,^e = Sg, and let K = Ga- The geometric relative Weyl group 
is 

CK{ao) 

The algebraic relative Weyl group is 

W(g,„ao) = W(0(go,ao)) 
(the group generated by reflections in the hyperplanes o/0(go, 0.0).) 
Fact. W(G, Oo) = W(go, a„) c GL(ao) 

Summary. Let (go, So) be a type I orthgonal symmetric Lie algebra, go =lo® Po/ 
and let Oo c Po be a flat subspace. Let Ct„(ao) = t and to c lo be a maximal toral 
subalgebra. Then 

t)o = to ® Oo 
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is a Cartan subalgebra of QoB There is a decomposition 

( \ 

Qo = (lo ® Oo) ® ^ go,„ 

^aeil>(g„,a„) 

The root system 0(9, 1)) that arises by complexifying Qo and the Cartan subalgebra 
i)o takes real values on restriction to it)o, and the relative root system is such that 

Res|,„. 

restriction to ittg induces a mapping of root systems 0(g, t)) ^ '^{Qo, Io) U {0} 

Let 

Q.„= Xacial, Ql= Za^ c mj. 

a€<J>(g„,a„) rt6il>(g„,a„) 

Let G be a connected Lie group with Lie(G) = go- Let ct : G ^ G be an involution 
such that a,^e = So- Then 

t)o D kerexp|i,„ = 2raLG 

exp 

H< G 

where H is a maximal torus in G. We have 

Lg,s„ = Lg n /Oo, Lg,„s„ = Qs";,, lG.d,s„ = K 

Gg,o„ = VV(G, Oo) X Lg,,i„ acts on mo. 

Let AG,a„ be the relative fundamental domain for WG,a„ ■ 

Theorem 20. If there exists an involution a : G ^ G such that a,,e = So, then e^mAcno 
is a system of representatives for K-conjugacy classes in P = exp(po). Furthermore, 
Z(G) n A = LG,o„/LGad,n„ (hs^s ^ = exp lo)- Elements of Z{G) n A correspond to {0} or 
minuscule coweight vertices o/cl Ag,s„. 

8.1. Maximal compact Cartan subalgebras. Let (go,So) be a noncompact or- 
thgonal symmetric Lie algebra, g = Po ® ^o- Let Oo c p,, be a flat subspace, and as 
above let Cf ^(ao) = {„ and let to c lo be a maximal toral subalgebra. Then 

t)o=to® Oo 

is a Cartan subalgebra of go, called a maximally split Cartan subalgebra. It maximizes 
the split part a„. 

By contrast, if instead to C to is a maximal toral subalgebra, then 

J)o = Cg„(to) =to®bo, (boCPo) 

is called a maximally compact Cartan subalgebra. This maximizes the compact part 

to. 



This is the so-called maximally split CSA, in contrast to the maximally compact CSA that starts with 
a maximal toral to c t„ and sets l)o = Cg„([)o). 
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9. Fixed points of involutions 

Lemma 10. Let G be a compact semisimple Lie group and a an automorphism ofG. 
Then the fixed point set Gg contains a regular element. 

Proof. Identical to the proof of Theorem [121 □ 

Theorem 21. Let Gbea connected simply-connected compact Lie group and a : G ^ 
G an involution. Then Ga is connected. 

Proof. Let g e Ga be given. We shall construct a path y : [0, 1] Go such that 
y(0) = e and y(l) = g. There are two cases: (1) g e Greg, (2) g i Greg- 

(1) If g e Greg, then Cdg) = T is a maximal torus. Let itg - Lie(r). Then 
g = exp{2niX) for some X e Ac. Now a acts on T, and so a,^e '■ Ho — > Ho- 
In particular, since a{g) - exp{2nia, eX) = exp 2niX = g, a, ,,X = X + Z for 
some Z e Lq. But on the other hand cr, ^ acts as a Weyl reflection on itg, and 
therefore cr, (.Ac is also a fundamental alcove for the affine Weyl group. 
But since X e Ac is regular, it is an interior point of Aq, and therefore is 
also an interior point of Ac + Z. Since the Weyl alcoves are connected and 
disjoint, Ac = Aq + Z. But this is only possible if Z = 0. 

Hence a.^gX - X. Therefore the curve y{t) - exp{2TiitX) is also fixed 
by a, and }'(0) = e, y{l) - g, as required. 

(2) Now suppose that g ^ Greg. Act via conjugation by g on Ga'- 

Ga > Gff, X i-> gxg . 

Then {Ga,c{g))reg c {Ga)reg c Greg- Let S c {Ga,c(g))e be a maximal torus. 
Then S contains regular points. So S c Cg(S) = T, a maximal torus of 
G. Now g & T, say g = exp(2TizX) where X e fto. Let isg c fto be the Lie 
algebra of S. Then So contains regular elements, so it is not contained in 
any reflection hyperplane of the affine Weyl group. Thus X + fSo contains 
regular elements as well. Suppose that X + Z is regular, Z e i%. Then 
n - exp{2ni{X + Z)) e Ga,re<;;- In particular, there is a path from e to « inside 
Ga (by case (1)). Then the curve exp(27Tf(X + tZ)) is a path from g to n 
inside G„. Composing these two paths gives a path from e to g. 

□ 

Remark. The theorem is true for a an arbitrary automorphism. 

Corollary 11. Let G be a compact, connected, simply-connected Lie group and 
g & G. Then Ccig) is connected. 

Remarks. Let G be a connected compact semisimple Lie group and a : G ^ G 
an involution. Let K - Ga,e, P - exp p,, and A - exp a,,. 

(1) Cg{K) n p = Cg{K) n a c Z(G) n a = Z(G) n P =: F. 

Proof. Cg{K) flP = Cg{K) n A: One inclusion is clear. For the other 
inclusion, let x e Cg{K) n P. There exists ak e K such that kxk~^ e A, 
since all flat subspaces are conjugate by an element of K. But since x 
centralizes K, kxk~^ = x. 
Cg{K) n a c Z(G) n A: Let x e CG(i<C) n A. For any ^ e G, we can write 
g = kiak2 for some ki,k2 e K and a e A. Then = xkiak2 = kixak2 = 
kiaxk2 = gx. Thus x e Z(G). 
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Z(G) n A = Z(G) n P: Clear. 

□ 

(2) Ng(X) r)A = {xeA\x^ =F] 

Proof. C: Let x e JVg(X) Pi A. If e X, then xfcx"i = e X as well. 
Since X is fixed by a and A is inverted by cr, 

xkx~^ = k = a(k) = x~^kx 

v^hence x^kx~^ = k. That is, x^ e Cg(K) n A c F. 
2: Let x e A, x^ e F. Let k e K = G„. Then a(xfcx-i) = x'^fcx = 
x{x~-^kx^)x~^ = x?cx~^ since x^ e F. Thus x/cx~^ e K as well. Since this 
is true for alike K,x e Ng{K) n A. 

□ 

(3) Ng(X) c a ■ X. 

Proof. Let g e Ng{K). Write g = fciflfe for some fci,A:2 e X and a e A. 
Since ^ normalizes K, = gk^ for some ^3; that is, ak2 = gk^. Hence 
g = ak2k~^. □ 

(4) Ng{K) = {Ng{K) ■ A) ■ K 

^ -1 

(5) Ket G — > P be the Cartan map g 1-^ go{g) , which when passed to the 

quotient defines the immersion G/K —> P cz G. Note that 

Ng{K) n A ^ F 

UJ UJ 
X I x^ 

and Ng{K) F induces an isomorphism Ng{K)/K ^ F. Also, 
= ^(g)^(n) for all ^ e G and n e Ng(X). 

Indeed, 

vi'(gn) = ^na(n)-i a(g)-i = ga{gr'na{n)-' = ^(g)VF(n). 

ef 

There are therefore two actions of G on F. For the first, 
{P,F)e{pJ)^pfeF 
For the second, we use the identification of F with NciKJ/K. Then 

iG/K,NG{K)/K) 3 {gK,nK) gnX e Ng{K)/K. 
But the isomorphism ^ is equivariant with respect to these actions. 
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10. Symmetric spaces of type I 

Let M be an irreducible Riemannian globally symmetric space of type 1, with 
a given basepoint o e M. Let (go, Sg) be the local Lie algebra of Killing fields at 
0. Let G be a simply-connected, connected, compact Lie group with Lie(G) = go, 
and cr : G — > G an involution for which a, = Sg- We have shown that this implies 
that Ga = Kis cormected. The homogeneous space G/K is a connected and simply 
connected Riemannian globally symmetric space with the same local Lie algebra 

(go, So). 



e^P^ G >r'iKMU) > X = </,-!( J(MU, 



e M I{M)e > I{M)e,o 

The abelian group F contains as a subgroup W{(p~^{I{M)e,o))- But by a diagram 
chase ^{(p~^{I{M)e^o)) = n~^(o), and n~^{o) c F acts on P by covering transforma- 
tions. Thus 

M= . 

vi/(c/)-i(/(M).,o)) 

Conversely, if H < F is a subgroup, then P/H is a Riemannian globally symmetric 
space with local Lie algebra go. (F acts properly discontinuously on P.) 
Stmimarizing: 

Theorem 22. IfM is an irreducible Riemannian globally symmetric space of type I, 
then M = P/Hfor H<G = Z(G) n A. 

Remark. Let M be a Riemannian globally symmetric space, and let y be a closed 
geodesic, so that y(0) = y(l), say. Then 

]>(1) = 7T,,y(0) = y(0). 

So y loops. If M has rank 1, the dim tto - 1, and so all lines in Po are conjugate 
with respect to ad fo. As a result, all geodesies in K are conjugate with respect to K. 
In particular, if one geodesic is closed, then all geodesies are closed and have the 
same length. 

The antipodal set Ag is the set of fixed points of Sg, other than o itself. For a 
rank one symmetric space, the antipodal set is the set of points that are a maximal 
distance from o. The antipodal set is also a rank one symmetric space. 
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Hermitian symmetric spaces 

1. Hermitian symmetric Lie algebras 

Proposition 20. Let {Qo,So) be an irreducible simple orthogonal symmetric Lie alge- 
bra. Then s„ e Int(go) if and only zf rankgo = dim ao = rankfo 

Here the rank is defined as the dimension of a Cartan subalgebra. Thus the 
involution is an interior automorphism if and only if the rank of Qo is the rank of 
the symmetric space. 

Proof. Note that any one of the equalities rank Qo = dim Oo = rank tg implies 
the others, since ag lies inside a Cartan subalgebra for go. 

For the forward implication, let X e tg be a regular element. Then Cg, (X) c go 
is a Cartan subalgebra that is So-invariant, since SoX = X. So So|Cg,(X) = id and thus 
Cg„(X) c to is a Cartan subalgebra of go. Thus rank go = rankfo- 

Conversely, assume that rank go - rankfo. Then any maximal toral subalgebra 
to c fo is a Cartan subalgebra of g. Since So|t„ = id, it follows that there exists H e to 
such that So = e^'^^ : Qg Qg. (Indeed, we can construct such an element of to in 
terms of the root spaces in go.) □ 

Proposition 21. Let (go,So) be an irreducible semisimple orthogonal symmetric Lie 
algebra. Then tg is a maximal proper subalgebra ofQg. 

Proof. Suppose that fo c lo c go. Then lo splits as lo = fo ® (lo H Po). Now lo Pi Po 
is a fo -invariant subspace, but by assumption tg acts irreducibly on Po, so lo n Po = 
or Po. □ 

Proposition 22. Let (go,So) be an irreducible semisimple orthogonal symmetric Lie 
algebra with Killing form B and positive definite tg-invariant form Q = cB|p^xp„- Let 
A : Qo ^ Qobea linear isomorphism such that 

(1) [A,so] = 

(2) A|t„ z's a Lie algebra morphism 

(3) A\f,^ : Po — > Po is an equivariant map of tg-modules (meaning A[k,p] = [Ak,Ap]). 

Then there exists a i= such that B{Ax,Ay) = aB{x,y) and [Ax, Ay] = aA[x,y]for all 
x,y e Po. In particidar, if A leaves Q invariant, then A e Aut(go). 

Proof. If c = 0, then B s 0, [Po, Po] = 0, and so we can take a = 1. Otherwise, 
if c 0, then B is a nondegenerate form on Po. Let A' : Po — > Po be the adjoint of 
A with respect to B. Since B(A-,A-) is fo -invariant. A* A commutes with the action 
of fo on Po. On the other hand A* A is symmetric with respect to B, and therefore 
has real eigenvalues. Because the eigenspaces are fo-invariant, irreducibility of Po 
gives A* A = a idp„ for some real a + Q. Thus B{Ax,Ay) = aB{x, y) for all x, y e Po. 
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Note that since A|f, is a Lie algebra morphism, it preserves B|t„xf„- Indeed, if 
z, w e^o, then 

(6) B{Az,Aw) = tr^,„(ad(Az) ad{Aw)) = trg.,(A ad(z)A"^ A ad(ri;)A"^) = B(z, iv). 

Now let x,y e Pg and z e fo. Then 

B{[Ax,Ay],Az) = B(Ax, [Ay,Az]) = BiAx,A[y,z]) 
= aB(x, [y, z]) = aB{[x, y], z) 
= aB{A[x,y],Az) 

by (|6]l. Since this is true for all z e fo, by nondegeneracy of B it follows that 
[Ax, Ay] - aA[x,y]. a 

Definition 10. A triple (go, Sg, }) is said to be a Hermitian symmetric Lie algebra if 

(1) (go. So) is orthogonal symmetric 

(2) } : Po ^ Po is a real-linear map with f- = - id. 

(3) ] is tg-invariant: }[k, p] = [k, }p]for all k e p & Po 

This definition is justified by the following general considerations. If Vc is a 
complex vector space of dimension n, let V be the underlying real vector space. 
Multiplication by i induces a real-linear map J : V ^ V satisfying }^ - - id. 
Conversely, if {V, J) is a pair consisting of a real vector space V of dimension 2n and 
a mapping } : V V satisfying = - id, then / is called a complex structure on V. 
If {V, /) is a complex structure, then V ® C splits into +i and -i eigenspaces of /. A 
complex-valued bilinear form H on V is called Hermitian if 

(1) H(y,x) = H(^ 

(2) H is ]R-bilinear 

(3) H{}X,Y) = iH{X,Y) 

In the present situation, / defines a complex structure on Po and by the previous 
proposition, Q is /-invariant. It follows that the form defined by 

H{x, y) = Q{x, y) + iQ{x, Jy) 

is a Hermitian form on Po that is to -invariant. 

1.1. Necessary and sufficient conditions for an orthogonal symmetric Lie 
algebra. Let (go, Sg) be an irreducible semisimple orthogonal symmetric Lie alge- 
bra. We here investigate necessary and sufficient conditions for the existence of an 
invariant complex structure / e Endf„(Po)- There are two cases: 

Case L p is an irreducible to -module. 

In this case, there can be no complex structure, since the eigenspaces of / are 
also fo -invariant. We claim that in this case fo has trivial center. Indeed, if Z e Z(fo), 
then adz : p — > p is fo -invariant. By Schur's lemma, adZ = Aidp for some A. On 
the other hand, since ad Z preserves the quadratic form Q, it must be tracefree, so 
A = 0. 

Case IL p is a reducible fo -module. 

Let0 : p — > p be the conjugation map with respect to the real subspacepo. There 
is no 0-invariant proper submodule of p, since (go, Sg) is irreducible and semisimple. 
So there exists at least one decomposition p = Pi ® P2 into to-submodules such that 
d{Pi) = P2- 
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Define a mapping A : U(l) — * Endc(p) (A i-^ A\) by A\\^^ = Aid and AaIp, = 
Aid. Then A is a group morphism onto the subgroup of invertible elements. 
Moreover, Aa is fo -invariant and 0-invariant, and so Aa : Po Po is also fo invariant. 
Extend Aa to all of go so that Aa |f„ = id. 

Then: 

(1) Aa : So ^ Qo is a linear isomorphism 

(2) Alf^, is a Lie algebra morphism 

(3) [Aa,So] = 

(4) AaIp„ is an equivariant map of f„ -modules 

(5) Aa preserves Q 

Hence, by the earlier proposition, Aa e Aut(go). 

Now A : ^ Aut(go) is a one-parameter subgroup. The derivative at the 
identity is a derivation of %, which is equal to ad X for some X, by semisimplicity: 



adX= — 



A,in„ e Der(go). 



Since Aa commutes with Sg, X e to- Furthermore, since A,\ commutes with adfo, 
X e Z(fo). In particular, dimZ(to) > 1. 

Consider now / = A/ : Po — > Po. This satisfies = -id. Note that by the 
construction of A, pi is the -hz'-eigenspace of / and P2 is the -f-eigenspace. Suppose 
thatZ e Z(fo). Then 

• e'^'^'-^'' e Aut(go) commutes with Sg 

• e'^'^'^^'lp^ is a fo-invariant map 

• e'*'^(^) : p ^ p preserves the Pi ® P2 decomposition of p. 

• e'*'i(2) commutes with 6 (conjugation of g with respect to go) 
Since Pi and P2 are simple fo modules, it follows that 

e'^'^'^'U = Afid, e'^'^'^'U = Afid 

for some eigenvalue Af. Thus e^^'^^ = Aa,. Differentiating at the identity implies 
that Z is a scalar multiple of X. Thus Z(fo) is one-dimensional. 
Write 

to = Z(fo)®[fo,fo] 

Let fto C [fo, fo] be a maximal toral subalgebra, so 

Z(fo) ® Zto C fo 

is a maximal toral subalgebra so Ci,^(Z(fo) ® fto) C go is a Cartan subalgebra. On the 
other hand, 

Cg„(Z(fo) ® fto) C Q„(Z{fo)) C Q„(Z(fo)) = fo. 

So rankfo = rank go. In particular, by ???, Sg e Int(go). 
Summarizing, 

Theorem 23. Let (go,So) be an irreducible semisimple orthogonal symmetric Lie 
algebra. The following are equivalent: 

(1) {Qg, Sg) is Hermitian 

(2) p is redicuble as a tg-module 

(3) Z(fo) ^ 0. 

If these conditions hold, then rankfo = rank go and Sg e Int(go) 
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Proposition 23. Let {Qo,So,J) he an irreducible Hermitian symmetric Lie algebra. 
Let Gbe a connected Lie group with Lie(G) = Qo and K < G a closed subgroup such that 
Lie{K) = to- If }: Po Vo is K-invariant, then K is connected. 

Proof. If (go, Sg) is flat, then the connected group G is a semidirect product 
G = K x Vo, so K is connected. 

If {Qo,So) is noncompact, then G is homeomorphic to K x Po, and so K is con- 
nected. 

Next suppose that (go,So) is compact. Then / = exp(ad(Z)) for some Z e Z(fo). 
Since / is X-invariant, K < CG(Z(fo)) which is connected. On the other hand, 
LieCG(Z(fo)) = Cg„(Z(fo)) = fo- So CG(Z(fo)) = K^. Combined with the inclusion 
K<Ke,soK = K,. □ 

Theorem 24. Let (go, Sg, }) be a Hermitian symmetric Lie algebra. Then there is a 
decomposition 

{Qo, So, J) = (9/, S /, //) ® (gi, Si, /i) ® • • ■ ® (g,, St, Jt). 

where {Qf,Sf,}f) is flat and irreducible, (g,-,s;, /,) is semisimple and irreducible. The 
decomposition is unique up to order. 

Proof. Decompose the Lie algebra in the usual way. Since / is fo-invariant, the 
components of Po are invariant under / as well. □ 

2. Hermitian symmetric spaces 

Let M be a 2n-dimensional real manifold. Let / : TjM — > T^M be a bimdle map 
such that }^ = - id. Then / is called an almost complex structure and the pair (M, /) 
an almost complex manifold. If M is a complex manifold and / is the operation of 
multiplication by i, then the (M"^, /) is an almost complex manifold. The Nijenhuis 
tensor is defined by 

N(X, Y) = [/X, JY] - J[JX, Y] - }[X, }Y] - [X, Y]. 

It is easily checked that N e ^^M. If (M, /) is associated to a complex manifold, 
then the rntegrability of the eigenspaces of / in T^M ® C implies that N = 0. The 
Newlander-Nirenberg theorem asserts the converseQ 

Theorem 25. (M,/) is a complex manifold if and only ifN = 0. 

Definition 11. A triple {M,g,}) is said to be almost Hermitian if 

(1) {M,g) is a Riemannian manifold 

(2) (M, /) is an almost complex manifold 

(3) g is }-invariant 

In this situation, 

H(X,Y) = ^(X,Y) + z^(X,/Y) 

is a Hermitian form on TM (defined previously). Conversely, the metric g is the 
real part of the form H. Hence, all Hermitian forms on a given almost complex 
manifold (M, /) arise in this way. 

Definition 12. An almost Hermitian manifold (M, g, }) is called Kdhler ff V/ = 0. 



A proof of this in the real-analytic category can be found in Kobayashi and Nomizu, Volume 2. 
Since symmetric spaces are analytic, this version of the theorem is sufficient for our purposes. 
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A more convenient formulation of the Kahler condition uses the fundamental 
form: the two form 

Q{X,Y) = g{X,JY). 

Since = - id and g is /-invariant, it follows that O is skew-symmetric (so Q e 
O^M). 

Theorem 26. Let (M, g, J) be an almost Hermitian manifold. The following are 
equivalent: 

(1) iM,g,J)isKahler 

(2) VH = 

(3) dO = Q 

Moreover, if any of these holds, then (M,/) is a complex manifold. 

Proof. Straightforward calcuation. □ 

Definition 13. An almost Hermitian manifold {M,g,}) is said to be Hermitian 
symmetric at x e M if (M, g) is globally symmetric at x and Sx o J = Jo Sx. {M, g, }) is 
Hermitian symmetric if it is Hermitian symmetric at every x e M. 

Notation. Let H(M) = {/ e 1{M) \ f o } = / o /} be the group of Hermitian 
isometries. It is a closed subgroup of /(M). 

Remark. If (M, g, J) is Hermitian symmetric, then the set of transvections is a 
subset of H(M), since transvections are generated by the global symmetries s^. But 
transvections act transitively on M, and so 

M = HiM)e/H{M)e,o. 

Also H{M)e,o c I{M)o is a compact Lie group. 

Theorem 27. Let (M, g, /) be Hermitian symmetric. Then M is Kahler (in particular, 
it is complex). 

Proof. / is invariant under the set of all transvections, and therefore V/ = 0. □ 

Proposition 24. Let {M,g,}) and {M,g,}) be Hermitian symmetric spaces. An 
isometry f : M Misa Hermitian isometry if and only if f,,o ° }o =}o° f,o 

(Here o as usual is a fixed base point of M and o is its image under /.) 

Proof. We need to show that /, respects the complex structure at every point. 
Since /, respects the symmetry at each point, it is equivariant with respect to 
transvections, and the result follows since 

□ 

Proposition 25. Let {M,g,}) and {M,g,}) be Hermitian symmetric spaces. The 
differential at o sets up a natural one-to-one correspondence between isometries f : M M 
and the set of Lie algebra isomorphisms (p : Qo Qo ^^^i commute with Sg such that 
is a Hermitian isometry. 
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Remark. If {M,g,J) is a Hermitian symmetric space, then M = H{M)e/H{M)e,o 
and (Lie H(M), So,„ }o) is a Hermitian symmetric Lie algebra. 

Remark. Let (go, Sg, }o) be a Hermitian symmetric Lie algebra and G a connected 
Lie group such that Lie(G) = Qo- Let a : G — > G be an involution such that cr,,e = s,,. 
Let X be an open subgroup of Gg such that / is Ad K-invariant; this is always possible 
since / is invariant under Ad G,j e. ThenM = G/X is a Riemannian symmetric space, 
and we can extend / from o - eK e G/K to a G-invariant almost complex structure 
on all of M; this extension is well-defined, since / is Ad K-invariant. The pair {g, J) 
is invariant under G, so the associated Hermitian metric is also invariant under G, 
and therefore V/ = 0, so (M, g, J) is Kahler manifold. 

Let a : G/K ^ G/Khe the geodesic symmetry at o = eK: 



G/K—^G/K 

We claim that a is Hermitian. Let gK = (expX)K, X e Po. Then the parallel 
transport 

Texp(X)G/K rexp(-X)KG/-fC 

preserves the Hermitian structure, since X e Po. Hence a o J = } o o. Thus 
the transvections are Hermitian and a is Hermitian, so {G/K,g,J) is a Hermitian 
symmetric space. 

Exercise. Let M be a rank one compact Hermitian symmetric space. 

(a) Show that the second Betti number of M is equal to 1. {Hint: Consider first 
how to do this with CP".) 

(b) Use the Kodaira embedding theorem to show that M is projective algebraic. 
(This is true for compact Hermitian symmetric spaces of any rank, but requires 
other methods.) 

Let (go. So) be an irreducible Hermitian symmetric space. Then K is connected 
and dimK Z{K) = 1 . Consider the universal cover of G 

^ Ga,e 



G > Ga^ = K 

Also, G/Ga^e is the imiversal cover of G/K, and so is also a Hermitian symmetric 
space. Note n~^{K) < Ga and / is 7T~^(X)-invariant. Hence n~^{K) = Ga,e- That is, 
G/K - GIGa,e is simply connected. 

Exercise. Give a different proof in of this fact in rank one along the follow- 
ing lines. Prove that a compact Hermitian symmetric space M of rank one has 
postive curvature, and then apply Synge's theorem to conclude that M is simply- 
connnected. 

Theorem 28. Let Mbe a Hermitian symmetric space. Then 



M = Mf X Ml X ■ ■ ■ X Mt 
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(a Hermitian isometry of Hermitian symmetric spaces) where Mf is flat and Mi are 
irreducible and simply-connected. 

Proof. The decomposition of Hermitian symmetric Lie algebras 

(Lie(H(M)), So, /) = (I)/, s/, //) ® si, /i) ® ■ ■ ■ ® (t),, Sf, /() 

induces an inclusion 

G/ X Gi X • ■ • G, = G > n-\H{M)e,o) 

where G A H{M)e,o- Let p, : G ^ G, be the projection onto the factor G,. Then 
pi{n~^{H{M)e,o)) leaves /, invariant, and so = (G,),j,f,. (Here K = Kf x Ki x ■ ■ ■ x Kt 
is the isotropy group in G.) Then 

M=^—^^^—x^x---x^ 

Gfnn-HH{M)e,o) Ki K,- 

The factors Gi/Ki, ... , Gt/Kt are simply connected, by the earlier remark. □ 

3. Bounded symmetric domains 

A domain is an open connected subset of C^. A domain is bounded if it is 
bounded with respect to the standard Euclidean metric on C'^. Let p be the 
Lebesgue measure on C'^. Denote by H(D) the subspace of L^{D,p) of square- 
integrable functions in D that are also holomorphic. 

The following key lemma has a number of important corollaries: 

Lemma 11. For any compact set A c D,we have 

sup|/(z)| < CAWfWmo.fi) 

Z€A 

for all f e H(D). 

Proof. Let r - dist(A, dD)/2. By the mean value theorem, 

1 



m\ = 



\B{z,r)\ 



[ f{Qdp(Q 

JB(z,r) 



!B(z,r) 

ll/llL2(B(z,,-),f<) u c 1, 

< — ^ by Cauchy-bchwarz 

1 



Letting Ca = ^^^^^ (independent of z) and then taking the supremum over z e A 

implies the lemma. □ 

Corollary 12. H(D) is a closed subspace ofL^{D, p). Hence H(D) is a Hilbert space 
with respect to the inner product. 

Proof. If /„ is a sequence of functions in H(D) that converges to a function 
/ e L^(D, p), then by the Lemma, /„ — > / imiformly on compact subsets. Since the 
compact limit of holomorphic functions is holomorphic, / e H(D) as well. □ 

Corollary 13. For all z e D, the evaluation map evz : / — > /(z) is a continuous 
linear functional on H(D). 
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Proof. Let A = [z] in the lemma. Then 

|ev,/|<Q||/||H(D) 

for all /eH(D). □ 

Since the evaluation map is a continuous linear fimctional on a Hilbert space, 
the Riesz representation theorem implies that there exists, for each z e D, an 
element (pz e H(D) such that 



Jd 



Let K{z, Q = (pziQ- This is called the Bergman kernel of D. 
We note that K(z,Q = K(Cz). Indeed, 

K{C,z) = (pi^{z) = I (pc{w)(pz(zv)djd{iv) 
Jd 

= I K(Q,w)K(z,w)d^{zv) 
Jd 



= \ K{Q,w)K{z,w)d^{w) 
Jd 

= K{z,Q. 

It follows that K is holomorphic in its first argument and antiholomorphic in its 
second. In particular, K is smooth. 

Notation. We introduce the Wirtinger derivatives in C: 

dz'~2\dx ^dyj' dz'~2\dx ^ dy 
In C'^, a point z has coordinates (zi, . . . , Zn). Define 

7 — 7' — 

'~dzj' i'dzj- 

Definition 14. Let H = Z,Z* log K{z, z)dz,- (g) dzj and put g = ReH. This is the 
Bergman metric. 

Proposition 26. 

(1) (D, g) is a Kdhler manifold. 

<P 

(2) If(p : D — > D' fs a biholomorphism, then {D,g) —> {D',g') is an isometry. 

(3) In partictdar, the biholomorphisms of{D,g) to itself are precisely the Hermitian 
isometries of (D, g). Denote these by ,J^{D). 

Proof. 

(1) The fimdamental form is O = ddK{z,z) = Z,Z* log i<C(z, z)dz, A dzj. This is 
closed since d = d + d and = 0,d = 0,dd = -dd. 
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(2) By change of variables, for / e H(D'), iv e D', and z = (p ^{zv) e D, we 
have 

fizv)= f f{QK'{w,l)dii{E,) 
Jd' 

= [ f(cp{Q)K'{zo,7f{Q)\mQ\'d^{Q 
Jd 

= f mQ)K'{(p{z),^))\Jcp(Qfd^{Q 
Jd 

= Miz)) 

where }(p = det{d(pi/dC,j)i<ij<M is the holomorphic Jacobian. Hence, 
K{zX) - K'icp{zl^))\}<p{Q)f. 

In particular, 

logX(z,z) = log[x'((/)(z),^)|/(/)(Q|2] 

= logr((/)(z),^) + log/(/)(Q + log 7^. 

But log Jcp is holomorphic, and so annihilated by Z* and log }(p is anti- 
holomorphic, and so annihilated by Z, . Thus 

as required. 

(3) Since Hermitian isometries are biholomorphic, this follows from (2). 

□ 

Definition 15. Let Dbe a bounded domain. 

(1) D is said to be homogeneous if J^{D) acts transitively on D. 

(2) D is said to be symmetric if each z e D is an isolated fixed point of some 
involution (p e (D). 

(3) A bounded symmetric domain D is called reducible if it is biholomorphic to a 
product Di X D2 of bounded symmetric domains. A bounded symmetric domain 
is irreducible if it is not reducible. 

Theorem 29. If D is a bounded symmetric domain, then D is a Hermitian symmetric 
space. (In particular, D is homogeneous.) 

Indeed, we showed in Chapter|2]that Sx is the only the involution with isolated 
fixed point x. 
Examples. 

(1) For n - l,a domain is homogeneous if and only if it is simply connected. 
In that case, the Riemann mapping theorem assures that every domain is 
biholomorphic to the disc. As a symmetric space, the disc is the hjrperbolic 
plane. The Bergman metric is the hyperbolic metric. 

(2) For n = 2,3 every homogeneous bounded domain is symmetric. 

(3) For n - 4, the set of bounded symmetric domains is a proper subset of 
the bounded homogeneous domains (Piatetsky & Shapiro) 

(4) In general, if D is a bounded homogeneous domain such that Jff{D) is 
imimodular, then D is symmetric. 
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Theorem 30. Let Dbea bounded symmetric domain. The D = Mi x ■ ■ ■ x Mt factors 
as a product of irreducible non-compact Hermitial symmetric spaces. 

Proof. Decompose D = MfXMiX - ■ - xMt with Mf flat. Then = Mf\s the 
universal cover oiMf, for some N. Let z, be the z'th coordinate fiinction on D. Then 

=Mf 

\ 

\ 

\ 

Mf'^ — 

\ 

\ 2. 

A " 
C 

The indicated composite mapping is a bounded holomorphic function on C^, 
which is therefore constant. This is true for all coordinate functions, and so C'^ = 
[pi]- 

Likewise, if some Mk were compact, then z,|Mt would be a holomorphic function 
on the compact manifold Mk, which is again reduced to a constant. So, if Mk were 
compact, then Mk - [pt] as well. □ 

The converse question is more interesting: 

Question. Let M be a non-compact Hermitian symmetric space. Is M locally a 
bounded symmetric domain? 

The answer, which turns out to be Yes, is addressed in the next sections. The 
general result is that it is always possible to embed a Hermitian symmetric space 
into a generalized flag manifold. In the compact case, this embedding is essentially 
an isomorphism. In the noncompact case, the image is an open subset of a flag 
manifold, and there is a natural projection to a bounded symmetric domain in an 
affine complex space. 



4. Structure of Hermitian symmetric Lie algebras 

Let (Qo/So) be an orthogonal symmetric simple Lie algebra which is not of 
compact type. Write 

So = fo ® Vo 

and let itg c fo be a maximal toral subalgebra. Let l)o - Cg„(ft(,) = itg ® bo- This is a 
Cartan subalgebra of go. Now decompose the complexification into root spaces 



f ® p = g = t)( 



Qa 



Since go is of noncompact type, 0(g, t)) is real on fto ® bo. Relative to this decompo- 
sition of g, we can decompose go via 











Qo = t)o ® 


e 




n go 




Aecl)+(a„,t„) 


rte<l>(g,I)) 








I a|;t„=A 


) 
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Indeed, let : g ^ g be the antilinear involution of complex conjugation with 
respect to the real subspace go- For all H e t) and x e g„, [H, dx\ = ao 6{H) Ox. 
Thus dQa = 9^- Now if H e it„, then 6{H) = H and so a o 0(H) = -a{H), since a is 
imaginary on itg. Hence (a o d)\it„ - -a|,t„, as required. 

Definition 16. 

(1) IfQa c t, then a is called a compact root. 

(2) IfQaCp, then a is called a noncompact root. 

(3) Otherwise a is called a complex root. 

If a is either compact or noncompact, then s(a) = a for in the former case 
s|j,„ = id and in the latter s|g„ = - id. If a is complex, then s(a) + a. 

Lemma 12. J/rank(f) = rank(g), then t)o = to, and so there are no complex roots. 

4.1. Example. Consider the root lattice C2. The compact simply-connected 
group is Sp(2). 

The root space decomposition is 

g = t ® g±a ® g±,j ® g±9, ® g±e. 

The involutions in Gad are given by = e™^P and £^™K/'^=<!^™^a _ Here are the 

Cartan decompositions for these involutions: 

a - Ade p: Heref - g,, - t®g±aandp = g±/3®g±0,®ge. Note dim Z(f) - l,so 
this symmetric space supports a complex structure. (It is locally isometric 
to the Grassmannian Gr2(C'*).) 

a = Ade""^«: Heret = g^, = t®g±^j®g±g and p = g±n ®g±9,. ThenZ(f) = 0, and 
there is no complex structure. We already observed that this quotient was 
locally isometric to S*, but in fact carries no almost complex structure 
(let alone a homogeneous complex structure) 



4.2. General case. Let us return to the general case. Let (go, So) be a semisimple 
orthogonal symmetric Lie algebra. Let A = {a\, . . . , a„} be a base for <l'(go, l)o)- Let 
6 = diai + ■ ■ ■ + d„a„ be the highest root. The fundamentla coroots A J satisfy 

Aj(0) = dj. In general, involutions come from e™^i with dj = 1,2. We deal with 
these two cases as above: 

If dj = 2: For any root a, the possible pairings with AJ are ci!(Ap = 0, ±1, ±2, 

since Uj appears in the highest root with coefficient 2. Now the involution e™'^' 
acts as the identity on the eigenspaces where A^ is even and acts as the negative 



^Suppose S* had an almost complex structure, and split the complexified tangent bundle into 
eigenspaces TS* ^ C = E © E. Then the Pontrjagin numbers are related to the Chern classes by 
pzCTS") = Ci{Ef - 2C2(E). But Ci(E) = since H^[s*,Z) = 0, C2(E) = 2 is the Euler characteristic, and 
P2{TS*) = since S* is cobordant to a point. Contradiction. 
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identity on eigenspaces where is odd. Thus 











t = t® 




® 






[«{AJ)=0 J 




MA'' =2) 




y(Ap=0 



In this case, note that Z(f) - and so there is no complex structure. 



li dj = 1: f = t ® ^©„(AV)=o 9±aj- this case Z(f) is 1-dimensional: it is the 
subspace of t spanned by the single coroot AJ. We also have p = ®/;(A'')=ig±/j. (Note 
that for any root /3, there are only the three possibilities /3(Aj) = 0, 1, -1 since Uj 
appears in the highest root with coefficient 1.) Let 

/i(Aj)=l /i(Aj)=l 

Then [u+,ii+] = [ir,u-] = 0. 

4.3. Strongly orthogonal root systems. Let (Qo, So) be an irreducible symmetric 
orthogonal Lie algebra with g simple (i.e., type I or 111). Let : g ^ g be the antilinear 
conjugation with respect to the real subspace Qo- As usual, put go = Jo ® Po and let 
/to c to be a maximal toral subalgebra. We have shown that 

Cg„(fto) = fto®bo 

is a Cartan subalgebra. Let O(go, to) be the relative root system for z'to on go, and 
decompose g and go via 

( 

g = J)® © 9<v 

^aecl)(ci,t)) 

Qo = i)o® 



Lemma 13. Let a e 0(g, I)). Then SoU = a if and only ff a|b„ = 0. 

Proof. So acts as - id on b. □ 

In particular, if bo - 0, then every root is either compact (g^ C f) or noncompact 
(g„ c p). Let <S>c{q, f)) c 0(g, I)) be the set of compact roots and O„o(g, W c 0(g, ^) be 
the set of noncompact roots. Then we have 

Lemma 14. if rank f = rank g, then 0(g, I)) = ^dQ, W U 0„c(g, I)). 

Proof. The maximal toral subalgebra t is a Cartan subalgebra of f, and Cg(t) = 
t ® b is a Cartan subalgebra of g. These have the same dimension only if b = 0, and 
the result follows. □ 
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Let us therefore suppose that rank f = rank g (equivalently b = 0), so that every 
root is either compact or noncompact. Then, by virtue of the identity a o 6 = -a, 
we showed that : — > 9-^. In particular, 

o,a ® Q-a = [(g<v ® g-«) n go] ® [(g„ ® g-„) n iq„] . 

For a e 0"^(g, t)), let E„ be the generator of g^ and F„ the generator of Q-a- Then by 
the above 



% = to I 



]R[£„ + F„] 



\,«E<i>+(a,t) 

R[E,,+f„] 



R[iE„ - zF„] 



V«6<J)+(g,t) 



Va6<l)+(ii,t) 

K[iE„ - iF„] 



«6CI)+,(g,t) 



If (in addition) Sg is conjugation with respect to e™^! with dj = 1 (so that (go, s„) 
is Hermitian), then 



t ® g« 

ae<l>(g,t) 
a(Ay)=0 



p = g/i = u ® u- 

/5e<I'(8,t) 
/S(Ap=±l 



U = 



U = 



/i(Ap=+l 



/5G<i>(a,t) 

/i(A)')=-l 

Equating the two decompositions, we see that 



^c{qA) = 0(f,t) = {ae 0(9, t) | a(Ap = 0} 
0„,(g,t) = iae(l)(g,t)|a(Ap = ±l}. 

Definition 17. A subset F c O of a root system O is strongly orthogonal if for any 
two linearly independent a,fieF,a + f}iO. 

Remark. Notice that any two linearly independent roots in F are orthogonal, 
for if a,p e F were not orthogonal, then the Weyl reflection Oafi of jS in a in O. But 
OajS = + ka for some /c e Z, and then the whole a-string ji,ji±a,...,ji + ka would 
need to be in O as well. 

Definition 18. The strongly orthogonal rank of a root system O, denoted SO-rank(O), 
is defined as 

SO-rank(O) = max{|F n O"^! | F c O z's fl strongly orthogonal root system]. 
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This is the maximal cardinality among the strongly orthogonal sets of positive roots. A 
strongly orthogonal set of positive O is called maximal if 

|F| = SO-rank(<5). 

Theorem 31. Let {Qo,So) i>£ an irreducible Hermitian symmetric Lie algebra. Then 
rankR(go) = SO-rank(<l)„c(g,t)). 

Proof. Let F c 0^c(g, t) be strongly orthogonal. Since 

|]R[£„+F„]cp„ 



is an abelian subalgebra, |F| < rank go. Suppose that the inequality is strict. Then 
there exists a flat subspace % such that 

I ]R[£« + F„] c Oo. 
Let X e a„, X ^ 0^^^^ R[E„ + F„]. Write 

X = 2^ fl«(E« + La) + ba{iEa - zF„) + ^ qi(!£|i - iF^). 

Since Oo is abelian, X commutes with Ly + Fj, for all y e F. hi particular, the to- 
component of [X, Ly + Ly] is Cy[iEy ~ iF y , Ly + F y] - Cy2i[Ly, Ly]. FoT thls to bc zero, 
Cy = 0. Thus the last term in X vanishes completely: 



So, commuting with Ly + Ly for y e F now gives 

{X,Ly+Ly]= ciALa+La,Ly+Fy] + ba\iLa-iLa,Ly+Ly] = Q. 

Since and are real, it follows that 

aa[La + Fa, Ly + Ly] = Y ba[iLa - iLa, Ly + Ly] = 0. 

The first sum splits into pairs of the form 

Ua [La,Ly] +ap [Lp,Ly] = 

(and similarly for the second sum) which implies that one of three possibilities 
holds: either a + y = ji - y, aa = fl/j = 0, or = [£^,Fj,] = 0. But if the first 

possibility were true, then applying AJ to both sides would give 

2 = A]{a + y) = A]{[i-y) = 0, 

a contradiction, so this cannot happen for any y. If the second possibility were not 
true, then Ey] = [£„, Ly] = for all }' e F, which implies that F U [a] is strongly 
orthogonal. □ 
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Connected Lie group 


Lie algebra 


Gc 


9 


Kc 


t 


K 


to 


G 


Qo = io ® Po 


G 


Qo = io® iVo 


W 




A 









Table 1. 



5. Embedding theorems 

Let {Qo, Sq) be an irreducible Hermitian symmetric Lie algebra whose complex- 
ification g is semisimple. Let Qo - ^o ® Vo be the eigenspace decomposition for 
So, and g = f ® p its complexification. Let ito C fo be a maximal toral subalgebra. 
Decompose these various spaces via, in the notation of the previous section, 

f = t® g„ 

«e<I)(g,t) 



io = ito < 



IR[E„+F„] ® U[iE„-iF„] 

«6<I)+(g,t) ) \_ae<I>+(g,t) 



Vo = 



do 



ma+Fa] 
i^ae*+(8,t) 

R[E„ + Fa] 



]R[f£„ - iFa] 



^(i6<I>+(g,t) 



aeF 



where F C O^^ is a maximal strongly orthogonal system of roots. Finally, put 

U^= Q±a, [U^U+] = [u-,U-] = 0. 

a€<I>+(g,t) 

We shall employ the notation in Table 1 to refer to the various Lie algebras 
involved, and associated connected Lie groups. 

5.1. Example: ~<(2, C). In the following discussion, it is helpful to keep in 
mind the following simple example. Let go = 5u(l, 1) and g = 5l(2, C). Then 





zv\ 


4° 




(o 




\zv 





5u(l, 1) = diag(w, -ia) f 



c + ib 
c-ib 



Qo = 



c 
c 
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The dual Lie algebra is su(l, 1) - su(2) and then we have 

-b + ic 



5U(2) = diag(M, -m)® 



b - ic 







The groups are 



K = 

G = 511(1,1) = 
G = SU{2) = 
W = 
W = 
P+ = 
P- = 
A = 



Gc = SL{2,C) 

cos a — sin a 
sin a cos a 

a /3 



/3 a 

a j3 
-/3 a 

1 

1 



a,|SeC, |a|2-||3|2 = l 



a,/3eC, |a|2 + 



z(; e C ^ s (C, +) 



= 1 



1 

w 



jJ|ii;ec| = (C,+) 



z 

z-i 

z 

If z~' 



cosh c sinh c 
sinh c cosh c 



ly, z e C, z + Q 
celRi. 



Now, let SL(2, C) act on in the usual manner. Then P~ is the stabilizer of 
the complex line spanned by [1 0]', and SL(2, C) acts transitively on the space of 
complex lines through the origin, whence 



SL(2,C) 



Now, SLr(2) acts transitively and freely on c C^, and we have 

S(J(2) SU{1) 



,2_ S^2,C) 



P- n SLi(2) U(l) 



(which is precisely the Hopf fibration = S''/S^). 
There is also an embedding 

SLi(l,l) SL(2,C) 



11(1) 



However SLI(1, 1) does not act transitively on CP^. Indeed, the orbit of the point 
[0 1]' is 

/3 a 



5. EMBEDDING THEOREMS 



91 



From lap - ||3p = 1 it follows that 1 = + 

into a disc in CF^. 

Note the factorization 

/coshf sinhA/ 1 OWcosht \(l tanhA 
^ ' ^sinht coshfj " l^tanhf lj\ coshfjj^O 1 j' 

5.2. General case. We return now to the general case. We have the following 
lemmata: 

NcciU^) = KcxU^ = P^: 

Proof. Indeed, UeNcAU^) = Ng(u+) = f ® u+, so {Ngc{U^))c = P^- 
Let g e NcciU'^)- Then g acts on f ® u"^. Let t c f be a Cartan subalgebra. 
There exists x e P"*" such that xg{t) - t. There exists y e Xc such that 
yxg{t) = t and, in addition, yxg {<S>'^{t,t)) = <l)"^(f,t). Since yx^ preserves 
the compact roots, yxg e Kc- Thus g & P'^- So Nc^{U'^) = P=^. 

It suffices to show tht Kc n !J+ = 1. First, observe that KcCiW > Kc 
so Kc c CgAKc n W). Also Lie(Xc n W) = 0. Let s e Kc n Write 
s = exp X, X e u"^. Since X is centralized by Kc, X = 0. So s = e. □ 

P+nP- = Kc: 

Proof. The inclusion 2 is clear. For the opposite inclusion, let g e 
P"^ n P~. There exists k e Kc such that kg e P"^ n (J~. In particular, 
kg = expX for some X e u". On the other hand, expX e Ng^U^), so 
X e JVi,(u+). But ir n M,(u+) = 0, so X = 0. Hence g e K. a 

CnP^ = K=Gr)P^: 

Proof. We will show that G n P=^ = K, the other equality being similar. 
The inclusion 2 is clear. For the opposite inclusion, first note that Lie(G n 
P+) = g„ n (f ® u+) = to. So K < G n P+ and (G n P+), = K. Let g e G n P+. 
Let to c to be a maximal toral subalgebra, and T c K a maximal torus, 
with Lie algebra Lie(r) = to. There exists k e K such that Ad{kg)to = to. 
Thus kg e CcCto) = Cg{T) = T. Since T c K, ^ e K. □ 

Combining these remarks with the Cartan immersion, we conclude 

Proposition 27. The mapping xKcxU~ ^ Gc defined by (p{x, k, y) = xky is 
injective, everywhere regular, and complex analytic. 

Theorem 32. 

First embedding theorem: There exist Hermitian embeddings G/K Gc/P~ 
and G/K Gc/P~- The embedding G/K ^ Gc/P~ is a Hermitian isometry, 
and the embedding G/K ^ Gc/P~ has open image. 

Second embedding theorem: G c U^KcU~. Hence 

GIK'^ ^ (!J+Kc!J-)/P-c ^ Gc/P- 

W 

is an embedding onto the bounded symmetric domain t(G/K) c C'^. 



, so |/3/a| < 1. So SU{\, 1) embeds 
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Proof. It remains to show that t(G/X) is bounded. For this, let ao - ^^^^j.'R[Ea+ 
Fa] be a flat subspace and let A = exp Oo c G c Gc. We claim that A c WKcU~. 
Indeed, for any (x, Ea, Fa, [Ea, Fa] spans a Lie subalgebra of q isomorphic to 5l(2, C). 

Under the isomorphism + F„ i-^ |^ gj. The one parameter group exp t{Ea + Ep) 
is a subgroup of U'''KcU~, which decomposes by ^ as 

exp t{Ea + Fa) = exp{tEa)k\ exp(tF„). 
The product of two elements of this form is 

exp t{Ea + Fa) exp t{Ep + Fp) = exp{tEa)h exp(if „) exp(fE^)fc2 expitFp) 

= exp{tEa)h exp(fE^) exp(tf „)fc2 exp{tFp) 

Hence 

G = KAK c KU^KcU- = U^KcU'. 
So if g e G, g = kiak2 for some kj e K, a e A, and a = ii^k^u' for some u*- e LJ=^. 
Hence 

t(^) = x{kiak2) - T{kiu'^k5U~k2) = T{kiu'^k~'^) = kiT{a)k~^ c Kt{A)K. 
But K is compact and t{A) is boimded (by the 5u(l, 1) case). □ 

Combining the embedding theorem with the decomposition theorem for sym- 
metric spaces, we have 

Theorem 33. Let Dbea bounded symmetric domain. Then D = Di X • ■ • x Df where 
each Di is a bounded symmetric domain that is irreducible as a symmetric space. The 
decomposition is unique apart from the ordering. 



CHAPTER 8 



Classification of real simple Lie algebras 



To classify symmetric spaces, it is necessary (and sufficient) to classify all real 
simple Lie algebras. The essential idea is to start with a complex simple Lie algebra 
g and to fix a Cartan subalgebra c g and a Cartan involution : g ^ g. Then 
the strategy is to mark the Dynkin diagram in a way that shows the involution, 
and gives enough information to determine the status of each of the roots that 
are fixed by 6: whether they are compact, noncompact, real, or imaginary. There 
are two possible approaches to this classification. In one, the Cartan subalgebra 
i)o is the maximal compact CSA, and in the other it is the maximally split CSA. 
These lead us, respectively, to introduce the Vogan diagram and Satake diagram 
for a real form. Each of these has advantages and disadvantages: the approach via 
Vogan diagrams gives the classification much more easily and one can read off the 
subalgebra % more readily, but with Satake diagrams the rank and restricted root 
system can be determined more easily. 



We here fix notation for the classical groups and Lie algebras. Various groups 
can usefully be regarded as matrix groups over ]R, C, or H. We can pass between 
these via the following identifications. IfZ - A + iB £ GL{n, C) is a complex matrix, 
with A, B real, then 



is a Lie group morphism into a closed subgroup of GL(2n, R). Similarly, if H = 
A + B; e GL{n, HT) is a quaternion matrix, with A,B e GL{n, C) complex (identifying 
C = R[z] c H), then 



is a Lie group morphism onto a closed subgroup of GL{2n, C). 
sl(n, ]R): Lie algebra of trace-free real nxn matrices. 
sl(n, C): Lie algebra of trace-free complex nxn matrices. 
sl(n, H): Lie algebra of x e gI(M,]H) such that Retrx = 0. Equivalently 

5l(«, H) = sI(2m,C) n ip{Ql{n,M)). This Lie algebra is also denoted by 

su*(2«). 

so(n, ]R): Lie algebra of x e gl(n, IR) such that x + x' = 0. We denote it by just 
5o(n). 

5o(n, C): Lie algebra of x e gl(n, C) such that x + x' = 0. 

5o(n,]H): Lie algebra of x e gl(n, H) such that x + x' = 0. Equivalently, 

5o(2n,C) n \p{Ql{n,M)). We denote it also by so* (2m). 
5u(n): Lie algebra of x e gl(n, C) such that x + x' =0. 



1. Classical structures 
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Table 1. Symmetric spaces of Type II and IV 

C-simple Compact form Type II Type IV 

5l(n,C) 5u(n) SiJ(n) SLin,C)/SU{n) 

so(n,C) so(n) SO{n) SO{n,C)/SO{n) 

sp(n,C) 5p(n) Spin) Sp{n,C)/Sp{n) 

^6 7 8 ^6,7,8 ^6,7,8 £578/26,7,8 

gf 92 G2 G^/G2 



su(n, H): Lie algebra of x e gl(n, H) such that x + x = 0. This is also denoted 

by 5p{n). Note that sp(n) sp(«, R), defined below, but we do have 

5p(n) s 5p(n,C)n./'(gI(n,H)). 
5p(n, R): Lie algebra of x e gl(2n, R) that leaves invariant the symplectic 

form /: }x + x*} = 0. 
sp(n, C): Lie algebra of x e gl(2M, C) that leaves invariant the symplectic form 

/: }x + x7 = 0. 

1.1. Mixed signature. Let Jp denote the pseudo-Hermitian form of signature 




We can define in addition 

5o{p,q): Lie algebra of x e gl(M,R) leaving Jp,^ invariant: Jp_,jX + x'Jp^j = 0. 

Note that 5o(«) = 5o(0,n) = 5o(«,0). 
5u{p,q): Lie algebra of x e gI(n,C) leaving Jp^^ invariant: Ip^^x + x'lp^g = 0. 

Note that su(«) = 5ii(0, n) = su(n, 0). 
5p(p, ^): Subalgebra of x e 5p(m,C) that leave invariant: ip^^x + x'Jp,, = 0. 

Note sp(n) = sp(0,M) = 5p(n,0) = sp(n,C) n u(2n). 

1.2. Examples. 

• The space of complex structures on R^" canbe identified with GL{2n, R)/GL(n, C) = 
SO{2n)/U{n). 

• The space of real structures on C" is GL(m, C)/GL(n, R) = U{n)/0{n). 

• The space of quaternionic structures on C^" is GL(2m, C)/GL(n, H) = 
SU{2n)/SU'{2n). 



2. Vogan diagrams 

Let (go. So) be an irreducible orthgonal symmetric Lie algebra, with g semisimple 
over C. Let itg C to be a maximal toral subalgebra and f)o = Cg^(zto) the associated 
maximally compact Cartan subalgebra of go. This decomposes as t)o = itg ® bo for 
some bo c Po. Recall that a root a e O(go, t)o) is: 

• Real if a s on z'to. 

• Imaginary if a = on bo. In this case, a root is compact if g^ c t and 
noncompact if g^ c p. 

• Complex if neither holds. 



2. VOGAN DIAGRAMS 
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Definition 19. Q The Vogan diagram associated to the triple (go, t)o, A(go, I)o) a 
triple (D, 0, marking in D^) consisting of 

• T/ie Dynkin diagram D corresponding to the set A{Qo, l)o) of simple roots. 

• An involution 6 : D D of the Dynkin diagram ( indicated by folding the 
diagram so that the nodes correspond). 

• A subset of nodes in the fixed point set that are marked if the corresponding 
simple root is noncompact. 

There could be many Vogan diagrams corresponding to a given simple or- 
thogonal symmetric Lie algebra (go, Sg). However, it turns out (Propositionl28ll that 
associated to any such Lie algebra there is a Vogan diagram having at most one 
marked node aj, and that this node has dj = (AJ, 0) = 1 or 2. Hence we shall 
confine attention to this case. We shall not prove here that every possible Vogan 
diagram gives a simple real Lie algebra, although this is true. Rather we content 
ourselves with the fact that once we have listed all of those that are admissible, we 
shall have obtained the complete classification. 

2.1. Vogan diagrams, no involution. We first look at the diagrams whose 
involution is trivial. In each case, the compact form of the Lie algebra has no 
marked node. If a node is marked, the subalgebra fo is the Lie algebra obtained by 
the following procedure. Suppose that cvy is marked. If dj - 1, then tg is the Lie 
algebra with one-dimensional center whose semisimple part is the compact form 
of the Lie algebra whose (possibly disconnected) Dynkin diagram is obtained by 
deleting Uj. If dj - 2, then tg is the compact form of the Lie algebra obtained by 
deleting aj and including the affine root -6. 

An'. The Dynkin diagram, with the highest root labeled, and showing the 
affine root as well, is 

^ o ^ 

1 ^"""l 1 1 

O ^ o o o ~~-->o 



go : su(l, n) su(2, n - 1) su(2, n - 2) su(n - 1, 2) 5u(f7, 1) 

Also shown is the Lie algebra go with the associated noncompact root. 
The maximal compact subalgebra of Qo with the corresponding to the 
marked root is, up to a center, the Lie algebra whose Dynkin diagram is 
complementary to the marked root. Thus for % ~ 5u(P/'?)/ the isotropy 
algebra is fo = 5(u(p) ® u{q)). 

We can also read off the compact forms. These all have go = su(n + 1), 
and their isotropy algebra fo must come from the corresponding dual 
noncompact form. Thus these are go = 5u(n + 1), fo = 5(u(p) ® vi{q)) with 
p + q = n + \. In each case the rank of the symmetric space is min(p, q). 



More information on Vogan diagrams can be found in Knapp, Lie groups: beyond and introduction, 
Chapter VI. 
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The restricted root system and center are 

cD(g„, ao) = BCp 0<p<q |Z(Gf ) nA\ = l 

= Cp p^q |Z(Gf)nA| = 2. 



The corresponding simply connected forms of the symmetric spaces 
are all Hermitian. Summarizing, 

Type Space Note Cartantype 

SU{p,q) 

Type 111 ^ l<p<q AIII 



S(U{p) X U{q)) 

SU{l,n) 
S(!J(1) X U{n)) 



Hermitian hyperbolic space AlV 



Typel J"^"-^,;^^ l<p<q AIII 



S(U{p) X U{q)) 

SU{n + l) 
S(LJ(1) X U{n)) 



Complex projective space AlV 



o 

I 

I 

1 2 2 2 2 

o o o o o 



so(2,2«-l) so(4,2n-3) •■■ so(3,2«-2) 5o(l,2n) 



The noncompact form has Qo = 5o(p, q), p + q = 2n + 1, p,q > 0, and 
fo = 50{p) + 50(q). The compact form has So = 5o(« + l)andfo = 5o{p) + 5o{q). 
These both have rank min(p, q). The restricted root system is 



(l)(go,ao) = B„nk, \Z{Bl'nA\ = 2. 



The space is Hermitian if and only if p - 1. 



Type 
Type III 



Type I 
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SO{p,q) 



C„: 



SO(p) X SO{q)) 

SO{l,2n) 
SO{2n) 

SOjln + 1) 
SO(p) X SOiq)) 

SOjln + 1) 
SO{2n) 



Note 

p + q - 2n + l,p,q >2 
H5rperbolic space 
+1 multiply-connected form 
Sphere (+1 multiply-connected form RP^") 



Cartan type 
Bl 

BIT 

Bl 

BIT 



2 

o 



2 

o 



Qo ■■ 



sp(l,n- 1) 



sp(2,M-2) 



5p(n-l,l) 



5P(m,]R) 



The noncompact forms are Qo = 5p{p,q) {p + q = n,p,q > 1) with to = 5p(p) + 
sp(<j). The corresponding compact form is So = sp(n) andfo = 5p{p) + 5p{q). 
The rank is min(p, q). 

The exceptional case (when the last node is colored) is go = 5p(n, R) 
and fo = u(w), and the corresponding compact form Qg ~ sp(w) and tg = 
u{n). These two symmetric spaces have rank n. The simply connected 
forms for these two symmetric spaces are Hermitian, but none of the 
others are. 

The restricted roots and center are 



O(go,ao) Note Group \Z{Gf)nA\ 

BCrank P i= q Sp{p, q) 1 

Cp p = q Sp{p,q) 2 

C„ Sp(n,R) 2 
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Type 
Type III 



Type I 



Space 
Sp{p,q) 



Spip) X Sp{q)) 

Spgn-l) 
Sp(l) X Spin - 1) 

Sp(M,]R) 



Uin) 
Spin) 



Spip) X Spiq)) 

Sp(l,n- 1) 
Sp{l) X Spin - 1) 

Sp(n) 



IJ(n) 



Note 
p + q = n,p,q>2 

Quaternionic hyperbolic space 

Siegel space 

Grassmannian of quaternionic p-planes in HP"^^"^^ 
p + q = n,p,q > 2 
+1 multiply-connected form \ip = q 



Complex Lagrangian Grassmannian 
+1 multiply-connected form 



Cartan type 

cn 

CII 
CI 

CII 



CI 



CI 



so*(2n) 



0,0 



so(2. In ■ 




50(4, In 



50* (2m) 



The noncompact forms are % = 5o(p, i^),p + q = 2n,p > 2,q > A 
(even) with = so(p) -l- soiq) with rank mmip,q), and Qg = 50'(2«) and 
to = uin) with rank ln/2i. (Recall: 50*(2n) = 5o(«, H).) The corresponding 
compact forms are go = 5o(2n) and fo = 5o(p) + soiq) for P + - 2n,p > 
2,q>4, and fo = u(n). Of these, the forms (5o(2, 2n - 2), 5o(2) + 5o(2« - 2)), 
(5o(2n), 5o(2) + 5o(2n-2)), (50* (2«), ii(n)) and (5o(2n), u(n)) carry a Hermitian 
structure. 

The restricted roots and center are 
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Type 
Type III 



Type I 





Note 


Group 


|Z(Gf)nA| 


^rank 


p + q 


SO(p,^) 


2 


Dp 


p = q 


SO*(m) 


4 


C„/2 


n even 


SO*(n) 


2 


BC(„_i)/2 


n odd 


Sp(«, ]R) 


1 



Space 
SO(p,r?) 



SO(p) X SO((j)) 

SO'(2w) 
!J(n) 

S0(2w) 
SO(p) X SO((j)) 

SO(2w) 
U(n) 



Note 

p + q = 2n, p,q >2 even 



p + q = In, p,q> 2(even) 
+1 multiply-connected form Hp q 
+2 forms Hp = q 



Cartan type 
DI 

Dili 
DI 

Din 



2.2. Exceptional groups. 

Definition 20. The index of an orthogonal symmetric Lie algebra (go, Sg) is 

- tr So = dim Po - dim fo. 

The noncompact real forms of the exceptional Lie algebra are labeled by their 
index. 



o 

I 
I 
I 

2 

o 



£6(2) 



go 



e6(-14) 



£6(2) 



£6(2) 



e6(-14) 



The compact forms have go = £6 and fo = 5o(10) ® ii(l) (rank 2) or 
5ii(6) ® sii(2) (rank 4); of these only the one with fo = 5o(10) ® u(l) is 
Hermitian. The corresponding noncompact forms are go = eg (—14) with 
fo = so(lO) ® u(l) (Hermitian, rank 2) and go = 65(2) with fo = su(6) ® 5u(2) 
(not Hermitian, rank 4). 

The restricted roots and center are 
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O(go,ao) Group |Z(Gf)nA| 
BC2 Eei-U) 1 
Fi £6(2) 1 



Type 
Type III 



Type I 



Space 
E6(-14) 



Spin(lO) X U{1) 

£6(2) 
SU{6) X SL7(2) 

£6 

Spin(lO) X U{1) 
£6 

SU{6)xSU{2) 



Cartan type 
EIII 

EII 

EIII 

EII 



2 

o 



4 

o 



e7(7) 



e7(-5) 



e7(-5) 



e7(-25) 



Qo (noncompact) to 

t7i-5) 50(12) © su(2) 



e7(-25) 
e7(7) 



eg ® u(l) 

511(8) 



Note Rank 
4 

Hermitian 3 
7 



4 

o 



e8(8) 



e8(-24) 
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Type 
Type III 



Space 

Ey{-5) 



Spin(12) X SiJ(2) 

£7(-25) 
Eg X U(l) 

E7(7) 



Cartan type 



EVI 



Type I 



SU{8) 
E7 



Spin(12) X SU{2) 
£7 

Efi X U(l) 
E7 



S!J(8) 



EVII 



EV 



EVI 



EVII 



EV 



(noncompact) Rank 0{Qo, ttg) |Z(Gf ) n A\ 

68(8) so(16) 8 Es 1 

e8(-24) 67® 511(2) 4 F4 1 



Type 
Type III 



Type I 



Space 

E8(8) 
Spin(16) 

E8(-24) 
E7 X S!J(2) 

Eb 
Spin(16) 

E8 

E7 X SU{2) 



Cartan type 



EVIII 



EIX 



EVIII 



EIX 



2 4 3 
o 00 
=S= ■ 



9o : f4(-20) 



f4(4) 
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go (noncompact) tg Rank <S>iQo, Qo) |Z(Gf ) Pi A\ 

f4(4) sp(3)®su(2) 4 f4 1 

f4(-20) 50(9) 1 BCi 1 

Type Space Cartan type 

T TTT f4(4) „^ 

^yP^"' Sp(3)xSLI(2) 



f4(-20) 
Spin{9) 



FII 



^yP^' Sp(3)xSLI(2) 



F4 



Spin{9) 



3 2 

o o 



FII 



So : 92(2) 

Here to = 5u(2) + 5u(2), the rank is 2, <l)(go, Oo) = G2, and |Z(Gf n A)| = 
1. The Type III symmetric space is G2(2)/S!J(2) X SLJ(2) and the Type I 
symmetric space is G2(2)/S!J(2) x SU{2). Both are Cartan type G. 

2.3. Vogan diagrams with an involution. The Cartan involution 6 induces 
an automorphism of the Dynkin diagram, but not every such automorphism is 
admissible. The set of fixed points f is a reductive Lie algebra, and its Dynkin 
diagram must arise from that of g by folding it along the involution. 

An'. For n even. 



For n odd. 
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Then g,, = sl(« + 1, R) in the noncompact case and go = 5u(« + 1) in 
the compact case. In both cases to - 5o(« + !)■ The rank is n. We have 
O(go, Oo) = An and |Z(Gf ) nA\ = n + l. 



Type 
Type III 

Type I 



Space Cartan type 

SL(n + 1,R) 
SO{n + 1) 

SL(n + 1,U) 



AT 



SO{n + 1) 



AT 



There is a remaining form when n is odd and there are no noncompact 
(painted) roots. 



Then go = 5l(^,]H^ s 5U*(n + 1) in the noncompact case and go = 
5u(n + 1) in the compact case. In both cases tg = sp (^)- The rank is 
We have O(go, %) = A(„+i)/2 and |Z(Gf ) n A| = ^±1. 



Type 
Type III 

Type I 



Space Cartan type 
SU'in + 1) 



SUjn + 1) 



All 



All 



D„: 



So : 



so(2« - 1, 1) 



50{2n - 3, 3) 



50(3, 2n- 3) 



We have go = so(p, q) in the noncompact case and go - 5D(2n) in the 
compact case, and fo = so(p) ® 5o(rj). Here p,q >1 are both odd, p + q = 2n. 
The rank is min(p, q), <5(go, Qo) ~ Bmnk, and |Z(Gf ) fl A| = 2. 
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Type Space Cartan type 

SO{p,q) 
^yP^"' SOip) X SOiq) 

SO(2n) 
^yP^' SOip) X SOiq) 



Eg: 



We have go = 66(6) in the noncompact case and go = eg in the compact 
case, and tg = sp(4). The rank is 6, <l)(go, Oo) = Eg, and |Z(Gf ) n A| = 3. 

Type Space Note Cartan type 

Type I +1 multiply-connected form EI 

The remaining type has no noncompact roots: 



Here go = eg (-26) in the noncompact case and go = eg in the compact case, 
and to = U- The rank is 2, <E)(go, Oo) = Ai, and |Z(Gf ) n A| = 3. 

Type Space Note Cartan type 

Type III EIV 

Type I — +1 multiply-connected form EIV 

E4 
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Proposition 28 (Borel and de Siebenthal theorem). Let Qo be a real simple Lie 
algebra and l)o a maximally compact Cartan subalgebra. There exists a regular element 
such that the Vogan diagram relative to the simple root system A c O(go/ J)o) has at most 
one marked node. 

Proof sketch. Define a subspace c to by 

•K= Pi kera 

Consider the subset A of H defined by 

a(H) e Z for all aA„„ (go, t)o) 



^ ^^^'^ ' a{H)e2Z. + l for all aA„o(go, W 



Then, if there are any noncompact roots at all, then A # Q. Indeed, it contains the 
element 

E 'I- 

Let Ho be an element of this set having smallest norm. Choose a set of simple roots 
A"*" for which Hg is dominant. The Vogan diagram with respect to A""" has at most 
one marked node. Indeed, suppose that it contained an additional marked node 
a; e A"*", then since Hg is dominant with respect to A""", 

(Ho - 0), a)) > 

and so Hg - 2w, would be dominant with respect to A"^, in A, and have smaller 
norm than Hg. But this contradicts the minimality of Ho. □ 
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